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Foreword

We would like to dedicate this paper to our friend and colleague, #putK who was
tragically killed in a road accident shortly before the cmarfee. His work on representational
infrastructures pointed to a crucial challenge for mathematiosation. By situating current
representational systems in their historical context, Jim shidveegossibilities for designing
alternatives. For Jim, and for us, a key concern was to open up, d¢ise®and make more
learnable the complex ideas of mathematics, ideas whose compm&gn owes as much to
the way they are represented, as to the ideas themselves. géisspthe worse for the lack
of Jim's critical comments.

1. Introduction

The challenge that this chapter addresses is to explore how computerakeait possible for
students to engage with mathematics that they either mightfadee to engage with in a
traditional school setting or which they might not have encountered.wilVeconsider
infrastructures for mathematical expression, that is to ss@yems of representations of
mathematical ideas and objects, and the means to manage thenatcesengagement with
mathematical ideas.

One focus of our chapter is algebra. Paper/pencil algebraasinfctures made it necessary
for individuals to pay considerable attention to manipulation, and key maticaimtopics

were only amenable to those who had already been inducted into fluent algebraic
representations and calculations. This meant that many nevegeeingéh the mathematical
topic at hand and the learning of algebraic notation became a thitsglin rather than a
means to an end — learning to play scales without ever playingntlsgc. We will
demonstrate that digital technologies can radically change this gcenar

Cultural demands on curricula have encouraged (not always altogfetlghtfully) the use

of technology, and stressed its utility for experimentation aptbeation. The availability of

computers in mathematical research and in the classroom dgeassed the development of
curricula that urge students and teachers to replicate computerisapmxperimental

methods used by mathematical and scientific researchersdwitmic media, mathematics
can become (and has already become, in parts of the acafilelohiof mathematics) an

experimental science, one in which the activities of experinagwt observation is as
important as logic and proof. So an important question arises ag tinith of assistance
technological tools can bring to student experimental activity dythamic mathematical

representations, and under what conditions.

A variety of technological tools, especially Computer symbolstesys (CAS), have been
presented as a means to overcome students' difficulties in paper/pencil atampubffering
them opportunities to develop exploratory approaches inspired from ales@dwese tools



stand as candidates for new expressmrastructures, while maintaining more or less intact
the usual representations - including algebraic notation - and usipgwles of the computer
to perform actions on these representations to obtaining diverse grabhess and
transformations of expressions. Although promising, this approach has noirbear view,
sufficiently discussed from an epistemological point of view, éadsiability’, that is to say
the conditions in which it could be effective in actual classroomsaires problematic. We
will have more to say on this below, particularly in section 2.

At the same time, there is a need for new and alternagpesentationgor algebra. While
the need to think creatively about representational forms areseoleviously in settings
where things were mechanical and much more visible (i.e. olfjadigears, levers, pulleys
etc.), the devolution of processing power to the computer has gendnatedeed for
individualsto represent for themselvesodels of how things work, what makes systems falil,
and what would be needed to correct them (see Noss, 1998 for an @abofdhis point;
see also Hoyles, Morgan and Woodhouse, 1999). In terms of the didaupdaations of
this trend, perhaps the best known, at least theoretically, has beeroribieuctionist
proposition (see Harel and Papert 1991) that has emphasised how baildilegnstructing
physical and virtual models of situations is an effective mearsonstruct corresponding
mental notions.

The authors of this chapter are involved in two distinct projectstoohwhey will draw to
exemplify the potential exploitation of technology designed for a more learmaihematics.
These two projects converge in their goal — the design of expressive udtaists to enhance
learnability - yet they adopt different orientations. Thet fpject is theCasyopéeproject
(Lagrange 2005b). It is designed to encourage students to usengexishthematical
representations with the support of the computer. The secohdbsabgsee, for example,
Noss & Hoyles, 2006), based on the idea of building new representationsathematical
models. We present an overview of the theoretical approach of bo#cisr@long with some
findings and illustrative extracts. Reflecting on the two projatspired by their different
orientations leads us to consider a basis for the evaluation kbyndran aplurality of
dimensiongut forward byLagrange et al. (2003). Since the classroom is a complexyrealit
we argue that observation and intervention is needed from a wideahpgespectives, and
studies should adopt approaches that span a range of dimensions or themes.

The structure of the chapter will be as follows. First a detson and exemplification of the
Casyopée project, which is followed by a section about WebLabslyHhaldiscussion will
compare and contrast the approaches, and point to the different rolesysteans like
Casyopée and WebLabs can respectively play in the future.

2. Casyopée: Making algebraic notation more learnable
through problem explorations

We identified above two main orientations in which computers can make it possibtelifay y
students who have little prior acquaintance or proficiency in pageil algebraic
representation to express rich mathematics. The first isvéosgudents an easier and more
motivating access to existing algebraic representations; ébend is to search for new
representations that are easier and more motivating in themsklvais first orientation, the
purpose of the Casyopée project is to offer upper secondary studemsraenvironment for
problem solving about functions, with capabilities of formal calooatiand graphic and
numerical exploration, encouraging the use of algebraic representations.



Kieran (2006) recalls that difficulties with the algebraic tiotahas been for many years a
major question for mathematics education:

“while arithmetic and algebra share many of the same signs and symbolsastiuh
equal sign, addition and subtraction signs, even the use of lattersy conceptual
adjustments are required of the beginning algebra student as these signs aontssym
shift in meaning from those commonly held in arithmetic”.

Teaching generally does not deal with these difficulties: badgés very often taught as
procedures disconnected from meaning and purpose. Beyond problem solvingafirowa
sense”, authors promoted experimental approaches (or exploratiorgbtérps as a way to
reconnect the algebraic activity to meaning and purpose.

For introducing and developing algebra (...) the essential mathematics ycdivitat

of exploring problems in an open way, extending and developing them in the search
for more results and more general ones. Hence [all algebraic learnsnghsed on
problem explorations. This is the broad sense of the {@&ell, 1996, p.167)

The development of computer technology supported this shift towards iregptal
approaches. For instance, the capacity to carry out many ¢aloslaapidly was thought to
assist the transition from an examination of single casegdewhe resolution of groups of
cases. Graphical and tabular representations or even the pgssibhiaving a spreadsheet
recalculate a series of expressions as a particular cell is vanigarlsi supported this view.

The ambition of the Casyopée project is to contribute to a chenvggrds experimental
approaches in classrooms in order to access a meaningful useelmfasgrepresentation.
Educational research has stressed the potential of such technaledyapproaches, but this
does not mean that actual classroom implementation is straigattbri€onsidering this
objective, the Casyopée tetientified three concerns:

1. Students’ experimental activityzor a long time, authors and curricula advocated the
advantages of classroom problem exploration, often by referangrdfessional
mathematicians’ activity and recently to the use of technology. tNeless, obstacles
persist that cannot be simply attributed to teachers’ unfamiliarity wehafiproach.

2. Students’ algebraic activity and the influence of technologicaktool this activity.
Algebraic activity is multifaceted and involves a plurality aancepts. Technology
also offers varied possibilities. A careful examination isessary to identify the
support it might bring to the transition to using algebraic notation.

3. The design of an algebraic software application that can actb&lyused in
classroomsMany excellent ideas have underpinned the creation of new tools for
teaching and learning mathematics, yet it is not so dhedrthese ideas match the
needs and constraints of ‘real’ classrooms and ‘real’ teaching.

Any mathematical education research bases its analysis o¢meaetical framework.
According to Mewborne (2005, p.3 & 4), using a framework bringssaareher two main
benefits: "it serves as a sort of binocular that allows one towatown the scope of the

! The team includes two teachers of the InstituteRlesearch in Mathematical Education (IREM) of Renn
and the author. The project is supported by thadiréational Institute for Pedagogical Researchr@)\



research site to focus on particular aspects of the isittiand it forces one to "constantly
compare and contrast what the data are saying with what the frameworikgs"say

On the one hand, these advantages have been recognised by resaeartherfeld of
technology. Jones and Lagrange (2003) pointed out:

"there is a range of theoretical frameworks thapagr to hold some promise when researching the use
and impact of tools and technologies. Theories ék#hodied cognition and metaphor, cognitive gaps
and transitions, situated abstraction, semiotic faBdn, instrumentation... help to give relevant
account of phenomena arising when students andhvégaare using technology."

On the other hand, the technology-rich classroom is a compleiy rdat necessitates
observation and intervention from a wide range of perspectives. We, dngrefore, that it is
dangerous prematurely to narrow down the scope of research, leadifas$ooh recognition
of this complexity. This loss is particularly disadvantageousnithe aim of the researcher is
to build an application of technology for use in ordinary classrooms. # d#se, the
framework is not just a means to collect data, but rather digsolvide support for a
continuous reworking of design, implementation, observation and adaptatiorindrdsr to
observe how the application works in the classroom, the researcherthks into account a
variety of 'ecological' conditions, or risk a lack of fea#ipiin the classroom. For example,
analysing ten years of development of Baglateproject, Kynygos (2004) explains: "A reason
(to take an ecological perspective) was our need for feedback gnaminteraction with
people using E-slate in their daily routines, since we were le@egain insight as early as
possible”.

Using a plurality of dimensions is a way to keep a focused viewteaching/learning
phenomena and a scientific account of observations, while ensuringicestff wide
approach of classroom reality. More precisely, the hypotheses ibethat in developing a
technological application to teach and learn mathematics, it slg@$o conceive a range of
dimensions to make sense of the principles on which the developmenedsarakthen to
anticipate consequences of its use.

How can dimensions be identified that serve to focus on a narrovege?sd-ollowing
Mewborne's ipid.) theoretical frameworks may be helpful. Nonetheless, concetirer than
theories are taken here as starting points, since concernohetpiéve a narrowed scope,
following which, a theory is needed to investigate the scope agdide practical choices
regarding software development and classroom implementation. Aajquésit then arises is
what theory should be used given that several compete: for instdfeerditheories pointed
out by Jones and Lagrangbid.) address more or less a similar concern for the interaction
between learners, technology and knowledge. Confronting and recortbgioges sensitive
to the same concern is a work in itself (see Hogkeal 2004, on situated abstraction and
instrumentation) that will not be undertaken here. Rather the choiteafes to underpin
the concerns identified by the Casyopée team, was driven largely byafagnili

Three dimensions will help in refocussing from each of the aboweetns to practical
choices regarding software development and the classroom imp&imentWe now present
these dimensions along with two examples of classroom uses gbpéasto illustrate
implementation and how the dimensions helped in its examination.



Three dimensions

The anthropological dimension: transposing mathematicians' experimentahatsti

Introducing students into a "true mathematical activity", rgjvia significant part to
experimentation and conjecture is assumed to be a way into mearmtggbra, and is
especially topical, given the development of technology. Many edscatben thinking of a
valid mathematical activity and of conjectures has in mind theipeacof mathematicians.
This reference is also especially present when dealing witindéogy, because tools and
software proposed for classroom use often derive from instruments developatheynatics
research for its own needs, especially to make experin@ntaiore productive. Thus
mathematical research practices and tools represent @nedefor enhanced classroom
activity.

The concern in the Casyopée project for the conditions of a clasenquanimental activity
takes this reference into account and, in consequence, the firgtsthmevill focus on the
phenomenon aflidactic transpositiorirom research to classroom. The choice of a theoretical
approach along this dimension will be the 'anthropological approabith was initiated
precisely by a conceptualisation of the didactic transposition.

Lagrange (2005a) explains:

The anthropological approach (Chevallard 1985, 199499) aims to give account of the conditions in
which mathematical objects exist and live in ingiitns or more precisely how they are ‘known and
understood’ as entities arising from practices. Werd ‘institution’ has to be understood in a very
broad sense as any social or cultural practice tapéace within an institution. (We) will considex (
transposition) between scientific research insiitas devoted to producing knowledge and didactic
institutions devoted to apprenticeship...

Other notions of the anthropologicapproach, especially useful to clarify the influeraf technology
on teaching/learning are the three components actices in a institution: a type of task; the
techniques used to solve this type of task ancthikery’ which is first the discourse used in order
explain and justify the techniques and then pravidestructural basis for this discoufseChevallard
(1999, p.231) explains that praxeologies (i.e. dbeve components of practices) are the matteref th
transposition

The anthropological approach helps to identify the challenges tdchnology-aided
experimental praxeologies in teaching/ learning have to nteehdure their legitimacy, they
must be related to homologous practices in mathematical reseat¢b be viable, they must
be compatible with the constraints of the organization of the knowledtgaching, that is
dissimilar to mathematical research.

Let us study the similarities and differences of the experiahgractices in research and
teaching. In research, praxeologies are characterized bbyctmsistency: mathematicians
think of the objects (concepts, properties...) involved in their experiin@ataices according
to the theory they want to build. They know the constraints thatdbejectures must satisfy
to be included into a deductive production. They try from the beginningpress the
conjectures at the more general level, keeping in mind theetiearapparatus they want to
build.

2 See Lagrange (2000, 2005a) for developments aheutotion of praxeology when using technology and
Monaghan (2005) for a discussion.



In contrast, in teaching situations, theoretical objects do not cameasily out of
experimental practices. As Joshua and Joshua (1987 p. 245) have noted:

The didactic mode (prevalent in the teaching of hematatics) is a rupture between a series of
"activities" closed on themselves, and a furthéoamatic presentation of a theoretical field thatuda
abstractedly, correspond.

Even when pupils have an authentic experimental activity in é diedpplication, it is often

difficult for them to establish a link with the theoretical eesitmodelled by the objects
involved in the experimentation. The role of the proof is cruciaestheoretical objects find
their full relevance only when one goes beyond empirical validation.

What changes does technology bring? Can it cast experimentati@mmaans to enhance
conceptualisation? The possibilities of experimentation are commadVocated, as
illustrated in the extract from the French curriculum for the beginning ebedg

The computer enlarges considerably the poss#ilitf observation and manipulation; devoting to the
computer a great number of calculations or a mudté of cases makes possible to observe and check
empirically various properties.

The idea that increasing the amount of data contributes in tibst#ie mathematical activity
was justly criticized by Lakatos (quoted by Yerushalmy 1999 p. 80)ou believe that the
longer the table the more conjectures it will suggest, you may wastetime compiling
unnecessary dataTo understand what is really at stake in the transposition bhodmgy-
aided experimental praxeologies, it is essential to take wdouat the practices since, as
explained by Lagrange (2000), it is through these practices, vibenaical work plays a
decisive role, that mathematical objects and the connections betveserare constructed as
a part of developing conceptual understanding. The difficulty isnfahematicians often
admit devoting time to tasks of experimental nature, but the metthaismade their
conjectures possible and the role that these methods play in consapturakemain private.
Indeed in the mathematical tradition, the way in which the reavdtonjectured is hidden
beneath the deductive presentation of a theoretical structure. @forared properties are
justified by the consistency of the structure rather than by the conditidissdevelopment.

One branch of professional mathematics has broken with this dradhyi expliciting how
mathematical activity can take advantage of the computer. This hbrarknown as
‘experimental mathematics'— stresses that using technologake sense of empirical data
and to conjecture and prove, requires to develop speauiéthods and to build specific
computer environment8orwein (2005 p. 76) reports:

At CECM (Centre for Experimental and Constructivatimatics)we are interested in developing
methods for exploiting mathematical computationaasol (1)in the development of mathematical
intuition, (2)in hypotheses building, in the gertera of symbolically assisted proofs, and (3)in the
construction of a flexible computer environmentwhich researchers and research students can
undertake such research.

There is, however, much more at stake in terms of the trangpositi experimental
mathematics than simply using the computer to produce more dakathfgitransposition in
view, the Casyopée project set out to be a contribution to the coimstrant study of viable
and legitimate ‘techno-experimental praxeologies'. Its work indoly®) thinking of
techniques that could help students to benefit from the computer's pissimf data
production, (2) developing the use of the computer's processing dagmbd facilitate the
search of conjectures and proof, and (3) thinking of an appropriate software environment



The epistemological dimension: school algebra activities with technology.

In the Casyopée project, experimentation should be designed tduddpts access algebraic
activity or to progress in this domain. This is a significaspiration. Whereas basic
numerical proficiency progresses - at least in 'developmdeties - a majority of citizens
encounter difficulties at school in algebra and give up all peetiter school. Thinking of a
tool to enhance students' algebraic activity, highlights the cond®rat dhe relationship
between mathematical knowledge and tools. This concern refers tepisiemology of
algebra as a second dimension.

The choice for a theoretical approach in this dimension has beerintbdel for
conceptualising algebraic activity" that Kieran (2006) introdua®d synthesis of a stream of
research about school algebra. This model classifies school algetvdies into three
categories: generational — becoming aware of a functionaioredhtp and finding ways of
expressing and exploring this relationship; transformational —changiegform of an
expression in order to maintain equivalence; and global / meta-tevadelling, searching
for structures and generalizing. The model was used for the conception of Casyopfleaa
for the design of the associated classroom activities. Kieran (@@34 suggests that there
are two main frameworks — generalised arithmetic and functionsowidprg a "unique
transversal thread to these three categories". The focus yopggasis on functions, because
functions are objects and tools in many algebraic activities at upper sectavehr

This choice of functions had consequences on the objects that Casyopée handles:
a) letters identify the variable, values of the variabl&dissal functions and parameters,
b) graphs and tabular representations of functions complement symbolic expressions,

c) equations correspond to the search for a value of the variablegfeeravalue of the
function or they can be about the equality of two functions, or the skearatvalue of
a parameter. They can also be interpreted in the graphic re(giersection of
curves).

Parameters are introduced in order to enrich the set of ditvalond the variable and the
functions names). They help the global / meta-level categoractdfity, because, in these
activities, dependency has to be expressed at a sufficientlyajdaeel. For instance,
(Lagrange 2005b p. 173) searching for a rectangle of maximum areatoangle, the
functional dependency between the area and the length of the reciaolyldes, as
parameters, the lengths of the sides of the triangle, givingra general signification to the
problem.

In problems about functions depending on parameters, the search fotwesjen graphic
or numeric (tabular) representations has to be conducted more mallyo(bee the first
example below) and empirical evidence is less convincing than imarsdione-variable
functions, which provides an advantage to symbolic proof. In Casyopéepameter can
exist symbolically or it can be instantiated and dynamicatiynated. This capability helps to
explore and generate empirical evidence on numerical exampleallelpaith the symbolic
study of a generic case (see the example of the maximesnrectangle, (Lagrangeid p.
175).

In its present state, Casyopée does not contribute to the catdfggeperational activities,
while software such as dynamic geometry would. That is whyeeing dynamic geometry
features into Casyopée, postponed until now, will be undertaken atrastatge, as the



Casyopée teams would like to offer an 'all in one' softwaredtffets support for all three
categories of activiti€s

In the Casyopée project, transformational activities were caesidgignificant. They are
consistent with the objectives of the French curriculum:

Students should be able to recognize the form of an expression (sum, produet, squar
difference of two squares), to recognize various forms of an expressida elndose
the most relevant form for a given work

These objectives do not put at stake the technique of transformatdin bigt rather the
understanding of the multiplicity of equivalent forms and the roé¢ & form can play in a
proof. That is why computer symbolic calculation capabilities haea bbosen in Casyopée
to help students to easily obtain various forms for expressionsingtidns, their sub-
expressions, and their values.

Proof is important to give sense to the transformational acykieping students away from
unmotivated manipulation. Casyopée favours an approach to proving thmeetghglobal
activities. Casyopée also supports the building of a proof by daifestndents a set of
elementary proofs (justifications) that a student can use to bisiller proof, justifying a
property by a relevant form of the expression of the function. Ehis slesigned to be an aid
to students, rather than a constraint, by exploiting the “transfrrma&tknowledge” of
computer symbolic calculation.

The third dimension: Designing a symbolic environment

After choosing computer symbolic calculation as the means to dupgiadents'
transformational activities, it was decided to build Casyopéeas/anvironment rather than
to use a standard symbolic application (like Derive or Maple). t€hen who started the
Casyopée project, after trying to develop classroom uses of dpesieations found strong
disadvantages.

A first disadvantage was the design of the interface. The paweropenness of these
applications imply a multiplicity of modes, menus, objects, and keysy which is a cause of
difficulties and erratic behaviours by students. Standard symdqmpiecation’s main window
is a 'history' of the calculation and definition. It provides no dinefrmation about the
present state of the application and the status of the objectsiartthitd for a newcomer to
have a proper representation of these. For instance, a very comricutgifor students
arises when they have used a letter to name a value anthythenuse the same letter as a
formal parameter in a calculation. Actually, these applicatioeslasigned to be a powerful
'scratch paper' rather than a learning environment where stugterntsdevelop methodical
and reflective approaches to problem solving. The team felt the ifoeed working
environment with a better balance between simplicity and powergvaigects would have a
clear status, and where their present state would be visible at the interface

A second disadvantage with standard symbolic applications is ttatclare is taken for
consistency with the curriculum. The consequence is that phenomerstutiants cannot
understand (like complex values for”‘_LQraders) constantly occur, complicating the task of

3 See the conclusion of this section.



the teacher. Inconsistencies between the way objects are hanthede applications and the
way recommended by the curriculum also cause deep misunderstaondiegample when
formal calculation simplifiex?/x into x without warning or gives {0} as the set of solutions
for zeros(x@/x, x).

The following example shows inconsistencies that would cause no ulliffido
mathematicians but led to serious problems among students.
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Figure 2.1: Using the TI-92 to discuss a trigonometric function

The task was to study the functiffr)= {1 +cos(Z =), It was set to ﬂgraders at the end
of the year. The students used a Ti{-3Broughout the year within a research project
(Lagrange 1999).

We expected that students would easily find periodicity and gtmrby observing the graph
(figure 2.1, middle) and confirm their conjecture using the symbabiduie (figure 2.1, left),
then detect that the derivative is not defined at the points whereutve reaches the x-axis
by observing that the curve has different non-zero gradients se fa@nts. (S)he would
conclude that the function has an ‘ordinary maximum' (i.e. null deeyagverykp and a
'special minimum'’ (i.e. no derivative) evggf2 + k p.

Observation showed that parity was not a problem for students. In ¢potitegshad difficulty
in finding a period, because of the phenomenon on the screen (lefturtleeseemed not to
reach thex axis fort 3 p/2 .

Interpreting accurately the behaviour of the function at the poimseathe curve reaches the
X-axis was not possible. Students persisted to think of an 'ordinampum’, wondering why
repeated zooming in did not show a null gradient. They were reidfancthis idea by the
false solution of the equatiofi(x)=0 by the symbolic module, giving zeros of the
derivative for everykp/2 . Students thought this resolution was a reliable means to get
extrema and had no reason to mistrust the result. Even the graghd#rivative (figure 2.1,
right) was misleading because of the irrelevant line adtessliscontinuity. The reason for
this behaviour was that the TI-92, like other symbolic systems, doesconsider that
functions are defined on a domain. Thus, solving the equation, it justflmoksros of the
numerators without considering possible zeros of the denominator.

These observations drew our attention towards the importance oéfal adesign that took
into account the multiple constraints of classroom use: this isd@sygnis a third dimension
in the framework. Human Computer Interaction (HCI) researchierssed for ten years that

* This Texas Instrument calculator (very similaotber calculators sold by this company: TI-89 ad/atse
200) integrates symbolic calculation. The compalaynts that it has been designed for upper secondag}
mathematics learning, but most of the remarks veress to standard symbolic application are relef@nthis
calculator (complexity, relationship to curriculum...)



‘Laboratory-based usability studies are (only) part of the solut@mg are best preceded by
“careful field studies”to address question likehow technology can fit into users' actual
social and material environments; the problems users have that technaloggroedy; the
applications that will promote creativity and enlightenmen{Nardi 1996).

As Yerushalmy (1999, p. 184) puts it, software design should givee@ineer control over
experimentation by helping him/her to develop methods. It should also subor
organization of the curriculum by being consistent, using “the sangage of objects and
actions that form the grid along which the curriculum is mapped”.
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Figure 2.2 : A main function window of Casyopée

A main function window identifies an independemialde (here x), “abscissas” that will be criticalalues of
this variable (here zeros of the function which algo discontinuities of the derivative), the diim of the
functions (union of intervals where they exist) #mgir expressions. Here the user created the fandt by
entering the definition and an expression. The sfimlernel calculated an equivalent expressibie, zeros
and the derivative.

This is how the Casyopée team tried to take this dimension kdouat. First, the
environment's interface displays windows that help to organize olgédsgferent status

(figure 2.2): values of the variable defining the intervals inctviunctions are defined and
where properties can be proven or conjectured, functions with proverongectured

properties, expressions with various algebraic equivalent definitiotiseofame function,
equations. This organization is dynamic (as in a spreadshesgrdlgulation of the objects
after instantiation of the parameters, and after modificatiorh@ffanctions. The history
exists as a 'notebook’, designed to be used as a basis for writing a report or a proof.

Objects are designed to be consistent with the usual reperteegafidary mathematics. For
example, a basic choice was to define the functions on a domagnvéinor union of
intervals), rather than by just an expression as in symbdtersg. Casyopée evaluates the
existence of the function on the domain and, on request, calculatge#test domain. It is
an example of assistance that the environment brings to various steps of he@kysivity.

Finally, the properties of the functions — sign, variations andesdstof zeros — are obtained
as results of proofs. The elementary steps of proof (justificatiomsespond to theorems
familiar at secondary level and to properties of 'referdanetions'. Casyopée can directly



take for granted properties that, because of their simplarigynot explicitly justified in usual
practice.
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Figure 2.3: Child windows

From a “main function windows” a user can open filohild windows” : properties of functions involved
proof processes, exact and approximate values,igrapd equations. Each change in a main window is
reflected in the child windows. Graphs and equatitake the definition into account.
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Figure 2.4: The Notepad window
Data resulting of actions (creation, computatiamstjfication, equation solving) are automaticaigcorded in
the Notepad (here solutions of the equation). F#esl for editing the Notepad and copying graphs ar
available.

Classroom situations

This section presents two examples of classroom use of Casydpdirst is a situation
intended to help students progress towards a method for experimentinggebra
expressions. It corresponds to our first concern (experimentaitygctwhile also addressing
the issue of a genuine algebraic activity especially at a ghoet level. The second example
is a situation where students used Casyopée to perform algetwaianore effectively. The
main concern is then the algebraic activity, especiabysformational activity. These
examples also provide insight into the influence of Casyopéeagndes students' classroom
activity, our third concern.



Towards a method for experimenting

You have to build a track for skateboarding. At one point the track izombtal, and two
meters farther it has to be horizontal again, but one meter highergoal is to find a
function whose graph could be a track. The track has to be smootlo. figke it as smooth
as possible.

1° What axes can we choose? Which|are
the most interesting? Why? B z

2° What types of functions can we choose?

3° Use Casyopée to find functions whose
graph could be a smooth track. Write=—a————— -~~~ -~ “E
report on your work.

Figure 2.5The skateboarding track problem

The problem of figure 2.5 was proposed in a twelve-grade classticistream, at the
beginning of the year. The goal was consistent with the curricuti is to "motivate the
study of functions by problem solving”, especially problems whose spluises the
relationship between the properties of a function and its derivative. The seasidmnahours
long in a computer room. The teacher had introduced the problem iss@mrsdefore.
Nineteen students were in this class. As often happens now in Feasican the scientific
stream, they had difficulties in algebraic manipulations and digasity tackle problems by
themselves but rather waited for the teacher's solution.

Mathematically, after choosing axes, a student has to look fondaion f satisfying four
conditions: f(x4) = y4, flzp) =yp and f'(x4) = f'(zg) = 0. Helshe can think

of cubic, piecewise quadratic and sine functions (figure 2.6). Depgruh the type of
function, the values of three or four parameters are to be found to satisbptteecanditions.
Searching for these values can be done by animating paramoetelisst the curve and/or by
algebraic calculations. In the teara'riori analysis, students would have not much trouble
satisfying the first two conditions by animating parameteus,would less easily deal with
conditions about the derivative. It was expected that the studentsnmiubdtbtain a solution
just by animating parameters and thus the situation would bringhtoalgebraic conditions
about the derivative necessary to get a 'smooth graph'. The ussyafp€e, was expected to
help students to work by themselves in the session. Students eer® fthoose axes and a
type of function (among those identified by collective discussidhampreceding session) to
give them some sense of autonomy.

R

Figure 2.6:Three types of function (cubic, piecewise quadratid sine)




Report on the session

Choosing axes

In the preceding session, students proposed axes with four diftergims (A, B E and the

middle of [AB]) and they usually searched for solutions in tbein axes. After this session,
classroom discussion made clear that setting the origin at the middle jJdi¢A®d to reach a
solution more efficiently.

The team analysed this as an indication of the students' devekpgmgpomy over decisions
in their mathematical activity. This is a difference with &eotexperiment of a similar
problem (Artigue 2005, p.279) where students used the quite complex Tl-@fataicand
the teacher had to decide a common axis for all students, in orémgage students in a
productive resolution.

Types of functions

Students found functions of different types. No type was chosen meaeehtly, which
seems again to be an indication of students' developing autonomy. Wigic &unction was
chosen, the difficulty lay in the complexity of animating four pagters. The role of a
parameter, like the O-degree coefficient, is easily graspedreab the effect of changing
other parameters confers little insight. The role of the pamme a trigonometric function
is more visible. Students nevertheless had difficulties in resmgnthe valug/2 after they
found 1.6 by animating a parameter.

Animating parameters versus considering algebraic conditions

We observed very varied student behaviour. Some students persistdadiomty animating
parameters, although it did not lead them to a solution. Most studegéised the
animation, giving constant values to some parameters and animdiarg.ofhe remaining
students discovered by themselves that writing algebraic condhiglped to decrease the
number of parameters. Nearly all solutions were found by tefea@nimation. Seven
students found solutions by themselves. The others could not reach a sdar®m the two
hours, but most did personal and productive work that they could reusea aftdlective
synthesis to write a solution.

It seemed that Casyopée helped to make a relatively comggearch situation ‘live’ in a
class with students likely to be passive in normal lessons, withaa integration into the
curriculunt. Moreover, decreasing the number of parameters appeared revia geethod to
solve this type of problem.

Building an algebraic proof

This is an example of a session fofhljtade vocational students in electronics. As mentioned
earlier, proving is a way to give meaning to transformati@udivity. Proof, however, is
thought irksome and irrelevant by many students, because in ordesgy, conjectures can
be validated through a graph or a table. Students experience déBcuélculating algebraic

® In France, the 12th grade is the 'Terminale',a.elass preparing to the baccalaureate and thewum's
pressure cannot be ignored.



transformations, but also in organising and writing proof. The hypsthasthis session was
that studying a function with a parameter could bring them towasysnbolic proof, and that
Casyopée could help them not only by performing algebraic cttmsda but also by
providing for the means to build a proof.

In the vocational part students were learning about band-pa&ss.filihese electronic devices
attenuate all signals below a given frequency and all sigidge another given frequency.
Students considered a practical device made of resistors aratiespaf given values R and
C using an oscilloscope to observe for a given input tensigriné evolution of the output

tension \},; against the frequency. They also calculated the transferidanc¢hat is the
absolute value of the complex quotieng,¥¥/;,, which depends on a parameteiproduct of

the device’s resistance and capacity (Figure 2.7). They charact the filter as band-pass
because the limits of this function are zero for frequencies approachagrekinfinity.

In the mathematics classroom they had to go further in tiy sif transfer functions. Using
Casyopée, after entering the function, students could perform algétaaéformations by
means of the "Compute" menu (Fig. 2.8) and elementary proofs by whag Gfustify" menu.
(Fig. 2.9) These actions have a result in the functions windows (neetidns or
expressions, properties and so on) and also produce information in tpatlatFig. 2.10).
A standard study begins by using the " Compute"” menu to obtairethvative. Then it is to
get the factorised form and finally to select a sub-exmedgsiformative of the sign of the
derivative by way of the same menu. Then the proof consists jadfiication of the sign of
this sub-expression and of the derivative. Note that Casyopéepedinary practice '‘admits’
that a 'visibly positive' factor (for instance a square) does haoige the sign of a product.
The study is classically achieved by justifying the vavratof the function by way of the
derivative's sign.

Transfer function of a band Transfer
pass filter. 7. 1
T'w

Frequency

Figure 2.7: The band pass filter.
Transfer function and curve for a value of the s&si and capacitor




Files Edit Create (Compute| Justify Ewploration Options

147 expansion = derivative
aize. factorization e antiderivative
partial fraction expansion value at x=x0

Fig 2.8: The 'Compute’ menu

Files Edit Create Cony I—I Exploration  Dphions
x ] Par Suggestions
linear
Variations L3 quadratic
zaro: Th Bijection reference functions
product, quotient
=um
Moo
square root abs,,,

Fig 2.9: The 'Justify' menu




MotePad

T L 2T3s
rt41) [';-2;,..2_._”3

Derivative of h(x): T

T(Tz—1){Tz+1)
(T222+1)°

Factorization of b/ (z): —

Function defined on [0;0c[: A'0(z) =Tz —1

Sign: linear A'0(z)
negative upon ]0; 1/7[ ; positive upon ]1/T"; 00|

Sign: product, quotient h'(x)
opposite sign of h'0(x)
positive upon [0; 1 /77 ; negative upon [1/T'; oo

Variation: signs of derivative known h(z)
increasing upon |0; 1/T7 ; decreasing upon |1/T"; oc|

Fig 2.10Q Indications given by Casyopée in the NotePad after
(1) calculating the derivative, (2) factoring thderivative, (3) selecting a sub-expression, (4fysig by 'sign:
linear' (5) justifying by 'product-quotient' (6)stifying by 'signs of the Derivative'

Students were familiar with the study of function, but here it pr@asented as a new task
because of the parameferThe 'electronics' context contributed, however, in providing sense
to this 'generalized’ study. Students were asked to do this studlythen to use the
information given in Casyopée's notepad to write a solution. For imstahedents were
expected to motivate their choice of a factored form of the a®revby a comment such as:
the factorisation is the form that permits to study the sign of the function.

The team analysed the record of the students' actions and th&nvarioductions with the
aim of evaluating how Casyopée helped them find and write proofslyNall students
correctly did the first part of the study, using the '‘Compute’ magi justified correctly the
derivative's sign and half of them interpreted correctly the soluglatively to the nature of
the filter. Globally, this is satisfying, because even studehtsdid not totally succeed had a
consistent approach to developing a proof.

Differences were observed in the written productions that studentpletech from
Casyopée's notepad. Half of them merely added informative sulitthe successive steps
of proof while the other half produced results that were of bgtiatity, especially when
compared with their usual written work. Some productions were vesppal; detailing the
steps they had gone through in a narrative way, or, conversely, symttpebe proof by
reorganising and rewriting the notebook. So there is some justficair acknowledging
Casyopée's potential as an aid to writing a proof.



Summary of Section 2

This Section set out to explain how the development of a digital tool and asso@asrdarin

situations could usefully start from a selection of concerns, asdnsnarised in the table
below. Aiming to make the algebraic representation more learrableght about three
concerns (third row) that defined three dimensions. In each diomersstheoretical approach
(fourth row) brought central ideas and concepts. The five central edthe table show how
basic choices made in the Casyopée project are related to easfsidin and the two last
lines put the two described classroom situations into relation with the three idingeaisove.

The three dimensions are based on distinctive approaches of teaadrnmgd and software
development. Each of them helps to focus on specific aspects afjbetpinforming basic
choices. Nearly all rows corresponding to basic choices have maneane empty cell,
showing that choices in software development cannot be informed by a single dmensi

Intersecting the two examples of classroom activity with dimaensions has helped to
evaluate how the work with Casyopée contributed to situations takimgaabunt the three
concerns. There is an obvious gap as generational activitiesnaeravolved in the present
state of Casyopée. Casyopée works on functions given by algebnasemggations and till
now provides no enactive representation for non-algebraic functional atghor One
consequence has been limitations in the students' experimentaly agspecially when
modelling phenomena: except when the phenomenon is directly dedayilaedurve, like in
the skateboarding problem, students cannot build and try models by themselves.

This summary gives pointers to additional work: to develop featlteing students to
work with enactive non-algebraic representations of phenomena and tiumigsetween
algebraic and non-algebraic representafionEhus we argue that an analysis around
dimensions provides a basis for future work in design, implementatioervakisn, and
adaptation.

® This objective will be pursued inside the Europpasject ReMath (Representing Mathematics with @igi
Media http://remath.cti.gr/).



Dimensions

Concerns Class_room .| Students' Software environment
experimental activity 5 yebraic activity for classroom use
Ideas, Anthropological Epistemology | P€SI9n
approach ) Users' social and
concepts Categories of | material environment

Transposition

Techno-
Experimental

praxeologies

algebraic activity

Problems that
technology can remed

Basic choices in the Casyopée project

TransformationahDifficulties with

Symbolic Relationship with
calculation mathematicians' activity standard symbolic
tools systems
Proof Methods for proving Transformation&lelp to search
and global meta| conjectures and write
level activities | proofs
Interface Methods for Students' control over
experimenting experimentation
Objects Consistency with the
curriculum
Dynamic Global meta
parameters level activity
Examples of classroom situation
Smooth track Methods for Global meta Organisation of objects
experimenting level activity and actions at the

Filter transfer
function

Help to find and
write proofs

Transformational

activity

interface

D

Table 2.1: Summary of dimensions, concerns, choices and dasssituations



3. The WebLabs project: developing an alternative
infrastructure

WebLabs was a three-year project (http://www.lkl.ac.uk/kscope/aslavhose overarching
aim was to create an alternative infrastructure with whiodesits (age 13-15 years) in 6
different European countries could construct, share, comment on andevejuasentations
of their evolving mathematical and scientific idedEhere were two main focal points of our
design effort. First, to construct a set of tools and activitiesedanToonTalk —a
programming language in the style of a videogame - that eflstudents to address various
knowledge domains in mathematics in ways that resonated with thatiegtof an
experimental lab: to do 'experiments’, test conjectures, look for cexateples, and share
their evolving ideas. We designed and built a series of toolsets d¢iingomodels of
mathematical objects and relationships for students to think about anigutate, which
were transparent in the sense that it was easy to look not amhaathe modeldid, but how
theyworked through expressing them in a programming language rathemitfastandard
numerical or algebraic notation. By making their thoughts 'visibléhe form of working
models or programs, we hoped to leverage students' intuitions and dwont@ tformalism
that would become generative in developing their understandings. Alongkide
development we designed sequences of activities to explore sewath@mmatical domains
using the toolkits.

The second focus of the project involved the constructicNelfReportsa web-based system
that included simple mechanisms for uploading and downloading models tafbasis of
collaboration, co-construction and commeémebReportsalso afforded us a window on the
ways students could share their models of evolving knowledge atama#istwhat they felt
was important to discuss, to change and manipulate, providing a veagdses how the new
representational structures influenced the trajectories of sttideking (for a discussion of
the role of expressive tools, see Noss & Hoyles, 2006).

Thus the twin objectives of the work were iteratively to destgvelop and evaluate tools
both forconstructingandsharingevolving knowledge of mathematical relationships. The key
idea was that learners could not only discuss, conjecture withoameshent upon each others'
ideas, but they could inspect and edit each othweosking modelsof ideas, computer
programs — rather than in algebraic notation - that instantiategtéite of their current
knowledge.

An objective of the WebLabs project was to explore the extemhich some of the apparent
complexity and difficulties of mathematical and scientificasles due to the symbols and
language used to express them. Such a hypothesis has a strgngrdp8cation, namely to
develop a system and an activity structure in which students cquielss their ideas in novel
ways, without sacrificing what makes the ideas powerful and rigorous. @eorétical
framework is based on two distinct and interrelated themes. ftasfConstructionisman
‘orienting framework' (Cobbt al, 2003) suggested by Papert in the late nineteen-eighties as a
pedagogical counterpart ebnstructivism. The idea is that students learn by building with
appropriate tools, virtual ‘external’ realities that mirror thdeveloping mathematical or

" We acknowledge the support of Grant IST 2001-3@2be Information Society Technologies Programme
of the European Commission. We also acknowledge ahetribution of all theWebLabsteam (from
participating countries, Portugal, Bulgaria, Swed@&yprus, Italy as well as UK), and notably the UK
researchers, Y. Mor and G. Simpson. Beg://www.weblabs.eu.com




scientific meanings, and by sharing this public or semi-publicyewith a community. The
second orienting idea that guided our design decisions was to akpldiénefits for learning
mathematics and science of collaborative interaction, by inclu@megnly asynchronous)
discussion and evaluation at a distance as part of the programniwitEacas well as face-
to-face interchange.

To support the work of WebLabs, we designed sequenced activitiggeirkriowledge
domains: Sequences Infinity, Collisions Lunar Lander and Models, Systems and
Randomness

a. In Sequencesstudents construct and analyse number sequences, which after
common introductory activities focussed either on the Fibonacci sezjwenmn
explorations of sequences that converge and diverge.

b. In Infinity, students explore the cardinality of infinite sets and thdioakhips
between different infinite sets.

c. In Collisions students build models of objects colliding in 1-dimension, iteratively
test them against reality and refine their models to cover more casessboolli

d. In Lunar Lander students control the motion of virtual objects, record data and
plot the resulting position-time and velocity-time graphs, therelestigating
acceleration and the relationships between different representations of motion.

e. In Models, Systems and Randomnstgients build computational models that
represent and explore various real-world phenomena, and investigate teptconc
of randomness, and how it could be understood and used.

In each domain, we expended considerable effort in iteratively degitimese sequences of
activities; starting from distinguishing the core epistemoldgideas of the domain,
predicting potential obstacles and then building tools that would asgwbration and
problem solving. The activity sequences were also designed taofitcomplement or extend
the present mathematics curriculum for secondary school studentseWmeable here to deal
with more than a small fraction of these activities: therastied reader may wish to consult
www.lkl.ac.uk/kscope/weblabs/. In what follows, we distinguish betwssignoutcomes —
a main focus in this chapter — and then report on getesahing outcomes, which we
illustrate with specific examples of what some students achieved withsiansy

The methodological approach

We provide a brief overview of our methodological approach. In ordeedearch both
technological design and learning, our methodology fits the paradighe gétative design
experiment- theory-based interventions that aim for specific learning galalsgside the
development of theoretical frameworks for learning, in general amiginwa particular
knowledge domain (diSessa & Cobb, 2004). We have sought to discover how different
aspects of learning are supported and mediated by the toafskthe activity systems we
designed. Our approach was iterative, in the sense that initial evalustibesresearch team,
collaborating teachers and partners in other countries fed intogsidveephases of design.
Technical development, assessment of engagement with the cagrideaeded in tandem

and informed further design cycles.

This methodology was challenging. It inevitably drew on inter-dis@pyi expertise as well
as requiring systematic evaluations of learning based on pri@rcésevhile remaining open
to the potential of the new tools. Our evaluation of learning wassilentirely qualitative,
largely because of the small numbers of students (a maximumoo€tlassrooms in each



country) and their diversity in terms of language and prior atemmVe stress, therefore,
that this research aimed to provide proof of concept — to descrilmtigitions (technical,
cultural, pedagogical) in which learning took place, and the spéaiftts of domain-specific
learning that could occur. In what follows we give examples ofddsign outcomes of the
project; we then briefly describe our pedagogical approach andtyastiructures, illustrate
them by one example of an extended interaction; finally, we suisarthe learning outcomes
of WebLabs and suggest its limitations.

Design outcomes

We chose for our modelling environmentoonTalk a concurrent constraint-based
programming language, in which the source code consists of actions @ft@hicartoon-like
characters. ToonTalk is an object-oriented language so thatctnolse attached to the back
of any object to give it functionality and reused, inspected, or gedbiThe basic idea of
ToonTalk is that it provides a rich programming environment capatbiupporting the
construction of, for example, games, simulations and animations: at general-purpose
computation engine with an interface that is concrete and pla¢elwill give a flavour of
what is involved in what follows: for the moment, we should simply tioé¢ there is no
textual editing involved in ToonTalk programming, that it involves manimgaéinimated
characters rather than, say, static icons (more information Iloan gained at
www.toontalk.com).

From a design point of view, a programming environment provided a aegdrg far from
sufficient basis for our system. By analogy with, say, Lbgoks, construction of complex
structures is substantially facilitated if one is providechweady-made working parts of
modules that can be combined into larger more complex structureghlult can also be
broken apart to their elements to see how each works. This id@gedhg turned out to be

an important design criterion, and as the project developed, we sougiddrstand how the
differentlayers of interactiorthat characterised student engagement with the system and its
related activities, could engender learning at different strudayars of knowledge — what
students came to express and know about specific pieces of knowledge.

Before such layers could be developed, we faced the challenyming the substrate on
which they could be built; that is, to enhance ToonTalk in many diffesays so that the
representational infrastructure could support innovative expressiornegiie, therefore, by
pointing to three examples of how ToonTalk was tuned to provide leamitbrdéhe right
kinds of functionalities required for their activities.

Extending to very large numbers

Standard ToonTalk only supported the standard computer programmindosizgeger
numbers. Yet as our activities developed, it became natural ¢airaige learners to imagine
what would happen if their robots continued to run forever, generatingr largl larger
integers. Accordingly, we devised a means by which programs cpubdiucevery large
numbers, supporting integers afy size within memory limitations. At one level, of course,
very big integers behave just like small ones: the laws of cotntrinare the same, checking
whether a number is divisible by, say, 3 involves the same dgodahd so on. But there are
possibilities that open up with very large numbers that genaratense of surprise — an
unexpected pattern in the final digits of 100! for example — anchsesef engagement that



accrues from being able to — literally — hold in one's hand atedjer that has tens of
thousands of digits.

There are dangers too. We intended that such activities would thef patransitional set of

activities during which it became logical to ask what would happ#reiumber of digits (or

the number itself) actually became infinite. Of course, gainisgrese of what happens "at
infinity” could easily be seen as being at odds with what happ&es whe integers are
'merely large'. Plenty of scope, here, for what mathemaititgators could label as
"misconceptions”! But there is also a sense in which very laugebers almost demand
guestions about infinitely large ones: if one has a sense of a ntakivey longer and longer

to write, then it becomes acceptable to ask whether one couddomstjust a little bit longer,

or a lot longer.

Writing, of course, has its own limitations. It is easy to imaghat 100, 1000, 10000 is a
sequence that could go on forvary long time. After a few terms, it seems rather
cumbersome to apply pen to paper. But supposing one could go for alevadkaanumber,
looking at patterns or, lookingpr patterns? See Figure 3.1 for a possible view of the
situation, which involves looking at — actually walking along —100!.

Figure 3.1: The result of a process that computes 100!. Thgraromer can literally “walk along” the
length of the number to get a sense of its size.

It is worth asking what kind of affordances this (relativetyal) change in representational
form might make? Consider a simple example. Any teacher athematics knows that
students routinely confuse squaring with doubling. 3 squared is 9; 3 %62 There is not
much difference! More seriously, there is no real sense of seuatring does (as a function),
particularly when examples are routinely confined to small numless than 10. Now
consider programming a ToonTalk "robot" to produce 1,000,000,000 squared. Laying the
result out as in Figure 3.1 will soon reveal how much "longers than the same number
doubled. "How much longer?" becomes a sensible question, and one thaliggmraubes
and so on. Merely being able to walk up and down numbers, and get a s¢nsie size
makes — potentially at least — a huge difference to the kinds efiop® it is natural to ask,
and the sorts of knowledge that are likely to be developed.

One last point. While we remarked that walking along a numbethsrra different way to
think of it compared to writing it down, we might ask how else wddcbuew" such an
object. In ToonTalk it is possible to zoom out and look at any objeat fabove, in a
helicopter. This revealed a surprising (to students) fact abarydarge number (in this case



10000!): namely that there was a large number of zeros at the end, a facultahave been
rather time-consuming to reveal if one was confined to walking!

Infinite Decimal representation

Part of our evolving set of activities involved students interadtirtigg rational numbers. For
example, in our work on infinite sequences and series, we engagedstwdbrthe sum of
sequences like 1, ¥, Ws, ... and 1, %5, ¥, ... . In such a scenario, there are several
difficulties with the conventional representation. The first islent with the use of ellipsis to
denote "and so on". Not all students see that, for example, 0.1428571... asiendadimal,
preferring instead to seeing 1 as the "last" digit. Indeed, abethat it takes an infinite
number of digits to represent a tangible entity ftkeis a paradoxical situation for many
students — the difference between a number and its (various) eefatemns is far from
obvious! So a second difficulty — more serious than the first — isitthgtin conventional
representationsmpossible to write down an equation lik§; = 0.1428571 without some
convention peculiar to the representational infrastructure (such asojgliplacing of dots
either at the end, or above some of the digits).

Our challenge, therefore, was to eliminate rounding errors. We\vach this by the
implementation of exact rational arithmetic in ToonTalk. In ToonTalk, ityéalihe case that
there is an exact decimal expansion of a rational number, and morebaerthis is
recognised by the systert;& 0.1428571... is "true").

But how to represent the "..." to the right of the decimal expafisClearly this is a serious
design challenge: no truncation should return ‘true’, yet iheaslecimal expansion &F that
is exactly equal to it. We remark in passing that we met this situatianyntimes in our
iterative design process: solving one problem of representation threw up a new problem

Our solution was to invent the idea sifirinking digits Digits are displayed in gradually
decreasing size until they reach the size of a pixel. Inthysthe idea that an infinite number
of digits follow the decimal point is conveyed visually. By usihg ToonTalk ‘pumping’
tool for increasing the size of an object, a student can view amatenore of the digits that
initially were too small to see. This process can take ptatfinitely: there is a theoretical
size limit based on the memory of the computer, although there isigdthstop the process
being transferred to a second computer when the memory is full'eF&j@r provides an
illustration of a decimal representation of the rational number



Figure 3.2: An example of the new shrinking digit display, shgvthe result of dividing 5 b49.

Once shrinking digits were implemented, we could incorporate ivitsesi discussions of the
equivalence of different representations of the same number.eBigtiB shows how
ToonTalk tests for equality and inequality by showing a balbeteeen any two numbers,
regardless of how they are represented (as rationals, infinite decimaibseal fractions).

Fig 3.3:a) The fraction 54/49 is the same regardless ofthérat is displayed as a proper fraction or aniirite
decimal expansion.

Fig 3.3: b) If both sides are multiplied by 49 the results exactly 54.

Fig 3.3:¢) If the decimal is approximated then it is noti@qo the original fraction.

Fig 3.3:d) If the original fraction and the approximatiane multiplied by 49 the approximated decimal
expansion no longer becomes exactly 54.

The WebReport System

We now turn to the collaborative dimension of the work. As we explained above, we designed
a web-based collaboration system, calldebReportsThe primary aim of this system was to
allow learners to reflect on each others' work by sharing wgrkindels of their ideas. To

help the students navigate the system, it was organised around thentiKaowledge
domains each with a repository of tools, and online guidance as toohase tthe system in
general as well as hints to support both teacher and studentsirirexpkration of the
knowledge domain. Figure 3.4 shows the front page of the system.



Fig 3.4: Front page of the Webreport system showing thesogvailable, the 10 most recent reports and the
link to the repository of tools

WebReports could include formatted text, comments, diagrams and nediémbjects, and
most importantly — ToonTalk models. These models were embedded eptiré ais images,
which linked to the actual code object. When clicked, they automatiopliyred in the
reader’'s ToonTalk environment — which could be in another classroomotrea country.
The reader could then manipulate the object, modify it, and respond witmaent that
might include her own model.

Interaction between groups and individuals was promoted by a layeneghenting facility,
inspired by Knowledge Forum and the work of Scardamalia andt&e(2006). We wanted,
like them, to build a community of learners of mathematics who wadckasingly take
control of monitoring their own learning, sharing and building on ideas asohg counter
examples to refute conjectures. Thus each report ended withcaosetd comment options,
which included "Can you explain?”, "What if...", "I have a conjectyrand "This doesn't
work because..." as well as a box to insert a new custom comypenbt an unclassified
comment. Commenting on someone else's report provided the same furtgtemplbsting a
report — awysiwygeditor and the facility to include images, embedded ToonTalk shject
external links. Comments could also be posted as replies tocoimenents so that threads of
discussion could be created (in much the same way as in internet newsgroups) &oreéanoni

The idea was that after discussion of a phenomenon in a group sitegrt@ée group would
publish a report of their collective observations, models, conjectures andsionsl The key
idea was that they would focus on firecessof reasoning (the construction and then running
of ToonTalk programs) and then illustrate this with outcomes that nbightfor example,
sequences of numbers, or spreadsheet graphs, that could then becosubjdice of



discussion and further experimentation. Finally when a task sequax&ompleted, we
planned that groups would publish a concluding report devised after extevidesite
negotiation to achieve a consensus and through this report they worddcshelusions with
remote peers. Thus in order maximally to exploit the collaboratimemsion, we developed a
common frame for activities that evolved iteratively — thesaided on intra- and inter-
classroom collaboration (see Figure 3.5). For some background to ¢inetitted rationale for
such an approach, see Hoyésl. (1992).

Figure 3.5: The common frame for WebLabs activities

So the innovative component of WebReports is that in addition to studtmg t@ each

other about what thethink, they can discuss what they hal@ne the models they upload
with their discussion become objects to argue about, modify, reconatrdcbuild upon.
Building on the success we achieved with students sharing eacH dt@$alk models, we
found a way to pipe data from running programs directly into Exoelhat students could
easily generate and upload graphical representations where apprope® Simpsoset al.

(2005; 2006) for detailed examples of this functionality and the way students appbfiriat

Our focus so far has been on the design of tools for construction aaficcation and a
general framework into which they were inserted. We now turneteribe the activity
sequences we iteratively devised after experimentation with rdtu@ad the pedagogical
approach we planned to adopt.

Pedagogy and activity

Having set up our general framework, we designed, again iteratsedyiences of activities
in each knowledge domain that sought to exploit the representational system vesigadd



Each activity sequence had explicit overarching learning aimgehss aims for each of its
component tasks, each taking into account the mathematical backgrotredstfidents and
the curriculum they would have followed. Each sequence also focussé ¢ools to be
used, the need to encourage prediction and reflection, and our intentiopitdisea on
collaborative exchange, both face-to-face and at a distance,eaanteto the knowledge
domain. Rather than describe the process in general, we prederit qrze activity sequence
with respect to one knowledge domaisequences, cardinality and infinitywhich is
particularly relevant to a discussion of an alternative infrastrador algebra. Finally, we
provide an illustrative example of the implementation of one activity.

Sequences, cardinality and infinity

In many countries pattern recognition and generalisation are catid@ndamental to
mathematical thinking, and a fruitful pathway into algebraic thinkifeg.at the same time, a
number of researchers have pointed to the difficulties studentsir@ec in shifting from
pattern spotting to structural understanding (Stacey 1989; Lee anelaNh@887; MacGregor
and Stacey 1992; Arzarello 1991; Hoyles & Noss, 1996).

A set of activities was designed for students to investigatédbausequences with the main
aim being for them to learn to reason and argue about the stroftatenber sequences.
Students started by modelling the most basic sequence: the mataraérs. However, the
way we encouraged them to model in ToonTalk afforded easy generalisationatattamgtic
sequence, and later to any iterative sequence, developing a Eregaedge for describing
their sequences that formed the basis for mathematical sisocusiow was the sequence
generated? Were different generating rules mathematiegjlyvalent? Could different
sequences be generated by the same programs? We tried to (mitwhtcens that generated
surprises and we then formulated two different directions — one poitaivayd Fibonacci
sequences, and the other to an exploration of convergence and divergénchk were both
tried with students in different classrooms. Figure 3.6 outlinestithetgre of the activities in
the number sequences domain.



Add-a-number

Train a robot to enumerate

challenge the natural numbe
Add-up challenge Generate basic number
sequences and their partia
sums

Guess my Robot

activity Pose and solve number
sequence challeng

Web Report Group reflection on number
sequence explorations.

Small Change
challenge

Model the factorial function.

Add-up Surprises
Introduction to powers of 2
and Fibonac:

Fibonacci Activity Convergence & Divergence
Sequenc Activity Sequenc

Figure 3.6 the number sequence activities.



From the point of view of this chapter, our focus is on how the rept&sonal infrastructure
shaped — and was shaped by — our intention to highlight the collaboratigesion. We now
illustrate this by reference to one episode of student interadtiong one activity, th&uess

my Robogctivity.

An episode from Guess my Robot

The key players in the story were Rita, a 12-year old girlsoh@ol near Lisbon, and Nasko,

a 12-year-old boy in Soffa The Sofia group consisted of 6 boys and girls, aged 11-12,
working with WebLabsresearchers. They had been working witbonTalk for several
months, approximately once a week for a couple of hours. The secondvgasujpom a
village south of Lisbon. Paula, a teacher and researcher \Webkabgeam, worked with a
school group there (aged 12-13) during the first project year. Rbses in both groups
acted as teachers, guiding the students through the mathematicahidieas\aties as well as
through the programming skills. At the same time, the researdheititated collaborative
interaction, by pointing children to interesting and relevant Wéssreports and helping them

to add a few words in English to their own reports.

The activity was based on the well-known “Guess my rule” game;hwimas been used in
many classrooms over many years to provoke children to discuss cangare the

formulation of rules. In its classical form, it was used asn&moduction to functions and to
formal algebraic notation. As Carraher and Earnest (2003) havatlyeceported, even

children in younger grades enjoy participating in this game, and can be drawlismissions

of an algebraic nature through playing it.

Our version of the game was somewhat different. The idea wasathatdent set out a
challenge, in the form of a sequence produced by a robot (a Toaomfuter program) he

or she has built, and posted it on WWebreportsystem in the form of the first few terms. The
challenge was for the second player to produce a robot that desuttee same sequence.
Responderfad to build a robot that would produce this sequence, and in doing so work out
an underlying rule for its generation. The new element in our variatiteofjame was that
“rules” had to be encoded as programs: one responded to a chabeongace by posting a
program that produced “the same” sequence. Managing to reproducensoetee’'s sequence

by training a robot was the way to show that a learner had graspethe sequence might
have been originally generated. As one girl said:

“So, like, the robot is my proof that | got'it?

Rita found the 'guess my robot' activity, and decided to pose her @alenge. The sequence
she posted wag, 16, 72, 296, 1192 (see Figure 3.7).

8 This episode is based on a description that isalappear in Mor, Hoyles, Simpson & Noss (subrd)tte



Figure 3.7:Rita's “Guess My Robot” challenge. The five numberthe boxes were produced by Rita's
program (a ToonTalk robot).

A few days after she had posted her Webreport, the Bédlal absgroup held a session, and
some of the students tried to solve Rita’s challenge. Nasko postegshonse. He had built a
robot that produced Rita's five terms, but the robot turned out to beedifffom Rita’s.
Nasko also realised that the same robot could be used to gengratesequences by
changing its initial inputs. So, he posed a two-part challenge back at Rita:

Could she ushisrobot to generate a new sequence of five terms?
Could she ushkerrobot to generate the same sequence?

We remark in passing, how questions of uniqueness and existeve® a8 part of the
collaborative exchange, apparently naturally — if seesa set of numbers being generated by
two robots, it is natural to ask whether each robot is doing the thamge(and conversely, if
two robots are each generating different sequences, whethernthsly necessarily be
different).

After a few days, Rita came to her next session to find camsnon her page — and from
children on the other side of Europe! She immediately clicked omdbaTalkrobots in the
responses, and watched them step through the process of rule-gen&hgowas totally
surprised: Nasko and Ivan had solved her challenge, but their robots seemgigtely
different from hers. We will suppress details of the evolving stdeye we will focus on just
one 'ending’, which involved Rita's response to Nasko. She worked out what Nigskts
must have given his robot, and showed ti&trobot could in fact generate the same output
as his. Her response nicely captured the way the structure pfafp@mming system shaped
her thinking.

Later we asked Rita again: "How did you know that the two robotsrgesd the same
sequence"? The next day, Rita surprised us. She had generated twooraetas hers and
the other Nasko's. Then she has made a new robot that subtractéeameo$ outputs from
the other and had watched the robots create a stream of zerdsdSenerated thousands of



zeros in this way and was convinced that this was a 'proof' otdmecture that the
sequences were the same.

Well, not quite a proof, at least not in any conventional sense, buhaheas generated by
the tools available and became acceptable in the community of stueysiged with the
activity. If Rita had found that there were 6000 terms thakwegual to zero, she was as
likely to wonder if the 6001 would be zero, as to assume thkitterms to infinity would be
zero. The point is not that Rita had constructed a proof for her aartyhof the equality of
the robots (incidentally, she has implicitly defined two robots aslefjtleey generate the
same output for ever). She had developed a tacit situated &bstrdéor any two
corresponding actions of the two original robots, my robot will produ@ero.” From a
pedagogical point of view, the construction of large but finite steeaf zerosraises the
guestionof equality in a natural way, which could provide the basis fwreventional proof
in some future pedagogical scenario.

We end this section by highlighting some issues illustratetthisyepisode. First, we point to
the way in which the responses made by the children was shajlee tmpdels and by their
medium of communication. This was particularly visible in Rita'expected (by us)

construction of a new robot to generate the differences. Irséagtral times in this activity
sequence when their mathematical argument was challengedtstudgated programming
a model to support it or reject it. They displayed the confidenoeflext on their own errors
either individually or collectively and were able to compare aept algorithms and use
counterexamples to refute theories, a remarkable focus on the psd®sswhich the

sequences were generated, and in rather stark contrast to usual interathiaitgelra.

Second, we recognised the substantive possibility opened up by theatingse of
asynchronous discourse. The formality required for articulation in &gebis was shaped by
the need to communicate unambiguously. We also note the power of shadieds rand
ideas in a dynamic medium when embedded in this game like eitudtinis undoubtedly
provided a strong affective component, to respond to challenges, toobuittem or rebut
them and then finally to decide if there were any equivalendb®iresponses provided. This
method of interacting at a distance was generative in develspimar activities in other
domains, and we referred to them collectively\Gagess my Xactivities. Guess my X seemed
to attract more sustained participation than, for example, the apeweht of group
webreports, by providing a good balance of competition and consensuseth® megotiate
the criteria for assessing equivalence.

Learning Outcomes

While the focus of this chapter is on the design of an expredseraative infrastructure of
constructing and sharing, we turn — very cursorily in the formlwief summary - to report
some general learning outcomes of the project, based on an eralmathodology that was
essentially qualitative, although supported by some quantitative data.

Developing a rigorous languag&tudents developed a model-based language and symbols to
express ideas rigorously that served at least in the dirdibenains under investigation as an
alternative to algebra. Judged by the criteria of the qualiWelbReport interactions, and the
nature of classroom discussion, we saw an emergence of strudasaining based on
models, and an improved awareness of mathematical ways of thimdhgling fundamental
ideas such as generalisation, invariance, consistency and proof.



Layered learningStudents worked at different layers: running ready-made models/programs;
inspecting programs and changing parameters; modifying programs ananpnagg from
scratch. The depth at which the students interacted with the system influengadlityeof

their engagement with the topic.

Motivation and engagement leading to enhanced responsibility for leatdangng built

models around a long-term motivational challenge, learners became committech f@and
were willing to argue about the correctness of the models posted by otherglidimot

always change their mind when confronted with conflicting models and arguments but
nonetheless engaged in extended argumentation, and took responsibility for their own and
their group’s learning, quite unlike normal classroom interactions. Student€resarof

their audience was a strong motivational factor, provoking them to invest grets effor
articulating and illustrating their arguments.

Interpreting and comparing representationgVe found students better able to make
connections between different representations through constructing amug sth@m, by
identifying with the structure of the representational system. Tdiltyfado share comments
and hypotheses together with working models was a valuable tooltiquiag and sharing
representations of mathematical and scientific phenomena.

Collaboration and formalisation/Asynchronous communication through the WebReports
encouraged formalisation, since the normal contextual cues werd &lose the interaction.
But for collaboration to be effective, we needed to design caydtullit. We identified the
need for the distributed group to sign up to a joint enterprise, whictl beuhe development
of a shared product, but could also be engagement in a game sradarimallenges, such as
in Guess my Robot, which was extended to a more general cat€gmys my X'. We also
recognized the importance of a group facilitator to ensure sustained ingggcha

Effective inter-site collaborationWhen inter-site collaboration was successful it tended not
to be about group knowledge building but evolving products or cumulativeercpes. Final
group products as originally conceived, were rarely achieved, yadjgd to pragmatic
reasons of language and curricular organisation and the fact that the production efsiteint
group product tended to be counter to traditional school culture in t&rine long-term
engagement necessary and the requirement to pursue collabordime than individual
goals.

Time to develop fluency with toolSubstantial time and effort was necessary before students
could become fluent enough with the programming tools and with the ¥pebiR system to
engage with the tools and to express their ideas to each othertliddess, particularly with

the students of 13 or 14 years, we found a surprising readinessraafeh become fluent
with the interface and the tools.

Summary of Section 3

In this section, we have outlined what becomes possible withdealy different

infrastructure from the standard algebra which was developed waitt stedia. Nevertheless,
such an innovation brings with it new and often unforeseen difficultiesn Fine research
point of view, the most challenging element has been to explosaist@nability of an online
community. This is a far from trivial enterprise. We saw from the examaipbve that students
were beginning to develop autonomy and to be able to manage their ominggésten to,

challenge and learn from others from diverse backgrounds, asaweathanage multiple



technologies. Yet sustained interactions of this nature werernatte and for the most part,
only happened with appropriate facilitation from a teacher @areker: thus students did not
necessarily engage with the distributed community spontaneously. shaigd not be
surprised: the teacher's role does not disappear in this newisceaithough it certainly
changes. In fact, there is a research agenda here. This shdwdtt istidying the mentoring
role, which becomes necessary to balance the trend towards stwelentarsaged
mathematical work and the need for guidance and instruction, the kisdpmdrt that foster
collaborative engagement and, perhaps most challenging of aé#xtéet to whichsomeof
the 'functionality’ of the teacher might, with the necessarypatational support, be devolved
to the system.

4. Comparing and contrasting Casyopée and WebLabs: a
contribution to convergence in Mathematics Educatn

The ambition of this book is to combat the fragmentation of knowl@dgdathematics
Education arising from the wealth of research undertaken in rddi@yent countries and
situations. Although the authors of this chapter share many idea®acebtualisations, the
differing approaches of Casyopée and WebLabs could be interpetetstances of this
fragmentation arising from the different research cultures amtexts in which the two
projects were developed. Casyopée was much influenced by tkeaveamd the classroom
implementation of computer symbolic computation and associated thabrrefiection in
terms of instrumentation and praxeologies whose genesis wasethaly Artigue (2002) and
more recently by Monaghan (2005). WebLabs was derived from comstigof and more
than two decades of research in this tradition from which notionsasusituated abstraction
and webbing had been derived (Noss & Hoyles 1996).

There are, however, points of convergence. The first point wasilatéd in section one:
most students do not have access to interesting and complex raathéproblems because
the traditional school setting does not allow them to masterythbaism necessary to
express solutions. A second point is that both projects consider teatingr new

representational infrastructures for mathematical expressiessential for the future. A third
point is that both projects emphasised the process of design on thefoeaiefully selected
criteria, both focussed carefully on key mathematical objects eladionships (related,
perhaps, to what Schweiger — this volume — calls ‘fundamental ide®mk'poth adopted
iterative trialling to adapt designs on the basis of feedback from tridistudents.

From this starting point, this last section will try in morettieto compare and contrast the
two projects with the aim of drawing common trends linked to teclyyalse in mathematics
teaching and learning and more generally to mathematics emudaéefore this, we develop
the idea of a plurality of dimensions as a tool to analyse educational uselsnaidgy.

® For Harel & Papert (1991) “constructionism shacemstructivism's connotation of learning as "buitgi
knowledge structures" (and) then adds the idea tthiat happens especially effectively when learrems
engaged in construction for a “public” audience".



A meta-study of publications about digital technglpin mathematics

The idea of a plurality of dimensions as a tool to analyse eduehtise of technology came,
at the end of the nineties, from a contract that research&ramce had with the Ministry of
Research to do a meta-study of publications in the educational dsgtaf technology. The

Ministry wanted to know what were really the efficient usesechnology for teaching and
learning. It initially appeared that it was an impossibl,tasnce from reading all the
literature about ICT and Education, it appeared that althoughrcases found a substantial
amount of interesting potential uses of technology, this contrastedwvat they knew of the

poor classroom integration of technology (Lagrange et al. 2003).

Thus the researchers found it more useful to search for redsorihis discrepancy.
Assuming that the classroom situation is complex and that techniolingguces even more
complexity, the hypothesis was that much research and innovatiod taileake this
complexity into account because it tended to restrict its facasly a few dimensions. The
first step of the methodology was to take a broad view of all gatidns (nearly 800) we
could access from the years 1994 to 1998 in order to identify diamnsf analyses from
guestions or concerns that authors put forward to justify an innovatiomesearch study.
Then, a set of 79 research papers was selected on the basisesém&giivity and quality.
This set was analysed statistically to specify how these dimensioagaken into account by
research and to identify trends. Finally, the analysis focused qrapsrs representing these
trends.

The first step produced six dimensions. The second step led tesificiion into three
groups: two dimensions were widely considered, two had limited consitesand two were
‘embryonic’ in a sense that will be explained later.

Widely considered dimensions

A first dimension (epistemological and semiotic) considered tHaeimées of ICT on the
mathematical knowledge taught and on the way mathematical obprdt$ be represented
and manipulated. Most papers considered this influence, generaltg sekiantages to new
meanings and new ways of representing mathematics that technologgdoste

The second dimension dealt with cognition: many papers offered atigegfmamework
within which to explain how the student might learn with ICT, réfgrrto general
mathematics education frameworks or to more specifically techpairiented theorizations,
using a wealth of concepts. Jones and Lagraibge)(pointed out some of these and stressed
that further work needed to be done to understand their connections and specificities.

Dimensions given limited consideration

The meta-study had prepared two dimensions that were thought inipetide reading
literature in the first step. The first is the situationaheision. 'Situational’ refers to the work
of Brousseau (1997) but, in our meaning, this dimension was not nege$iségd to a
specific didactic theorization. We meant that a learning sitadtad an ‘economy’, that is a
specific organization of the many different components intervenitigeitlassroom and that
technology brings changes and specificities in this economy. Ranags technological tools
have a deep impact on the ‘'didactical contract', which is a comyirmwalving agreement
between teacher and students about this organization. Thus one would i@patadta need



for 'situational' analysis given the wealth of new situations prdvidg the literature.
Surprisingly, very few research papers were identified that took such an@pproa

We also prepared a dimension of analysis of the role of tbhdgaecause it appeared to us
that benefits or disadvantages of technology reported or assumediiartitare could not be
explained without considering the many aspects of the teadi@s'sroom preparation and
management. Again, very few papers investigated research questiortsteetate aspect.

“Embryonic” dimensions

We designated as “embryonic” the two remaining dimensions, bechegewere not
explicitly mentioned but concerns and analyses that could be intztprethese frames were
found in some research papers.

Instrumental dimension

The instrumental approach (Lagrange 1999, Artigue 2003, Trouche 2005) takdg$ist as
an artifact. For instance a scientific calculator is atadéennal level just plastic and silicon. A
human being has to elaborate an instrument from this artifact.

The following ideas are important in this dimension :
- the instrument is built during human activity;

- this activity is dependent on features of the artifact: pe@gists constraints and
potentialities;

- it has two components, the first one —instrumentalization-- i®cted toward the
artifact, when the human being creates uses of the tool for hintkelfsecond
--instrumentation-- is directed towards the human himself when hedsbuil
understanding of the tool’s operatiBn

The instrument is therefore a mixture of features of theaattdnd a mental construct of the
user. The process of elaboration is what Rabardel namesresitial genesis'. In the case of
tools to do mathematics, a student learns mathematics whitenmestting the tool. That is
why we speak of interwoven mathematical and instrumental genebich means that
mathematical understanding will be dependent on features of thentbthha schemes of use
of the tool will be dependent on mathematical knowledge. This notion conpkethe idea

of situated abstraction, in which the tool shapes the evolving concepfitganing while, at
the same time, being shaped by learmersse.ln Hoyles, Noss and Kent (2004), we address
the complementarity between the theory of instrumental genesishandeas of situated
abstraction. In that paper, we suggest the importance of this complenyeagdatiows:

9 This understanding is not just declarative knowkedThat is why authors referring to the instruraént
approach generally use the notion of scheme in nard (1985)'s acceptation: "A scheme is an invarian
organization of activity for a given class of siioas. It has an intention and a goal and consttat functional
dynamic entity". In this chapter | do not want titex into a detailed conceptualization of the mleattivity in
instrumented situations: scheme can be taken angahtonstruct pre-organizing the subject's agtivi



This is what the notion of situated abstraction seeks to ajdrggproviding a means to
describe and validate an activity from a mathematicahtage point but without
necessarilymapping it onto standard mathematical discourse. The notion isybay
pertinent in computational environments, since the process of instalnganesis
involving the new representational infrastructure supported bgdamputer will tend to
produce individual understandings and ways of working that are divdrgen standard
mathematics.ilfid p. 314).

We give an illustrative example. When students graph functioncamguter environment
(or with a graphic calculator), they are faced with the faat & function graph depends on
parameters of the 'graphing window' and they have to develop spé@fning schemes’,
typically interweaving knowledge in mathematics and on the catcul@his is far from a
spontaneous and immediate process.

Anthropological dimension

This dimension was introduced in section 2. Here the notion of praxeolddyevexplained
in more detail. Analyzing the transposition of mathematicians' rempatal activity into
education helped in section 2 to make clear that knowledge cannot bads@endently of
institutions. Bosch et al. (2004, p.eXplain: "The process of didactic transposition highlights
the institutional relativity of knowledge and situates didacticbj@ms at an institutional
level, beyond individual characteristics of the institutions’ subje&sction 2 pointed out
that ‘institution’ has to be taken in a very broad sense: a sclgs@nsg in a country is an
institution, but a branch of this system is also one. Then, mathamattivity can be
modeled as a human institutionally-situated activity among othera. diven institution,
among many problems or questions, some are recognized as a 'tggk’ @ind ‘techniques’
are identified as specific ways to do these tasks. Tasks amidgees together make up the
practical component of “know-how”; the praxeologiggakis + logog integrate into a
theoretical component.

Techniques have a central role in this model. They cannot be sees jigkills'. Certainly,
they sometimes mean routines, especially when the purpose eftonp a sub-task in a
problem, but they also imply reasoning about mathematical entitiesciay during their
creation and when questioning their consistency and their domainlidityvaAs Artigue
(2002) pointed out, techniques have both a pragmatic and an epistemic agupradmatic
value is related to the technique's usefulness and efficienisyditected towards tasks. The
epistemic value is the light that the technique sheds on propertieatioématical objects. It
is directed towards the theoretical compohent

The following example presents a problem to show how consideringletve$ of the
techniques helps us to understand the impact of technology on classrobematatal
practices. The following problem was taken from a 10th gradbdektand is representative
of a type of task existing at this level: reducing an expressith radicals. The task was to
prove the equality:

™ This block has two levels. One is ‘technologicalin the etymological acceptation of 'discourse about
techniques'—and the other theoretical. Considefiegtechnological' level in the context of usetethnology’
—in the ordinary acceptation— is useful because agx’ample below will show, classroom conceptudbrat

of mathematical objects and properties is aimeolitin a 'discussion about the techniques'.



1 + 1 + 1 :1
1+/2 \2+/3 3+/4
It is motivating because the expression on the left side is cuibplicated and on the right
side it is quite simple. Without technology, students should revaik &rm on the left side

without surds in the denominator and there is a technique for that. textbeok, it is written
like this.

If a denominator is a+\/5 then multiply numerator and denominator by a- \/5

If a denominator is a-+/b then multiply numerator and denominator by atvb.

The textbook also provides for a number of exercises for trainingenmcah or more
theoretical.

1 J3-4/2

Write with an integer denominator \/— and ————
5-17 B3+/2

Show th I &\/;_ =Y
ow the equality \/x—y x/;+\/§

With this technique, the problem can be solved, albeit with carefulcnede manipulation.
A question is why teachers ask students to learn and pragigscéethnique, to train in its
application and to use it to solve problems. A first reason is @@gni he technique helps a
learner to obtain canonical expressions that are easier to handi@culations. If this
technique would have only this pragmatic role, teaching would be too oniectted towards
skills and training. But this technique has also an epistemic etdéve to more theoretical
knowledge. When practising the technique, a student has to reflect otruttere of an
expression to consider, for instance, the denominator and its struekeir(she) has to use
properties of equivalent quotients and of the square of surds. He (shi®)dlao to consider
algebraic facts like the factorisation of the difference af squares. Questions like "does this
technique work for every expression?" can begin to develop a studengsiafipn of the
structure of sets of these expressions.

When students use technology the problems and the exercises becoost)(lvial. Even
an ordinary numeric calculator (Fig. 4.1 top) computes the sum intoid.atnumerical
approximation but to students, it is a strong indication that the ggiglirue. A symbolic
calculator also simplifies the sum into 1. It also transformesexpressions of the exercises
just in the form a teacher would expect. The equality with x aisdhgt directly proved, but
the proof can be done by a simple transformation (see Fig. 4.1 bottom).
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Fig 4.1: Contrasting a numerical and symbolic calculater

This means that a valuable praxeology has been destroyed byetlod technology because
calculators do computations that could be done before only at the codalebrepus but
potentially epistemic technique. Such a phenomenon can be easilynedptachnology was
developed precisely to help people perform smoothly algorithnsitnigues. As valuable
praxeologies disappear, teaching has to create new praxeoliagiedich techniques
performed using technologies retain an epistemic value. Nevs tgpeasks have to be
thought of and evaluated by considering the possible techniques to kehieand their
epistemic value.

Lagrange (2005a) showed that this is a realistic challenge, nbbkszmise of the variety of
new tasks and techniques and of their epistemic potentialitiesetianology, especially
symbolic calculation, brings about: CAS, for example, aided pattecow#isy, problems and
techniques to access generalization and the management of explgssvay of symbolic

calculation.

New dimensions

The meta-study was undertaken in 2000 and was derived from a corpagen$ published

up to 1998. Now, some years later, two other dimensions should be addeds One i
collaboration. We are seeing rapid developments in the ways thatassible to interact and
collaborate through technological devices and many papers ness dtie dimension of
interactive and collaborative learning, especially when dealitiy web-based applications:

as we saw, WebLabs attempted to exploit these technologicabibitesiwith some success.

A wealth of new questions opens, especially about the contribution to mathenaahosg®f
different levels and modalities of interactivity and collabarati and about the potential of
virtual communities, and how they might be fostered and sustained.

The other new dimension is design. There is growing awarenésasteducators, we cannot
simply orchestrate software applications that industry or compstéEnce creates.
Yerushalmy ipid.) developed artefacts to experiment with classroom use of techra$ogy
part of her research activity and she reflected on principléscthed orientate design. She
sees a discrepancy between encouraging evidence about the whpeatious specific

software capabilities and discouraging evidence about work witlbagional software that



does not always act as the idea generator it was designed toebasks designers for more
work, not just having good ideas, but also to realize and articulatgp#rbaps unconscious
decisions and turn them into conscious design considerations. Design aifso toeke
iterative: to have clear aims and criteria but also to bébfexenough so as to be adaptive to
and support student learning requirements during mathematical activities.

Towards a synthesis

The dimensions were conceived so as to encompass the varied a§peeteducational use
of digital technologies in an analytic approach. To move closerrdsaa synthesis, it is
useful to consider what dimensions have in common, and to group them aroueg oéntr
interest, as shown in table 4.1.

The epistemological and semiotic, cognitive and instrumental dimenai@ngprincipally
concerned with new ways of representing and manipulating objects wgpuyr digital
technologies. The epistemological and semiotic dimensions privilegereiationship to
mathematical knowledge, while the cognitive dimension focuses onletdraer. The
instrumental dimension takes into account the user's operative knowleld¢ed to the
representations and manipulations.

The 'situational' and 'design' dimensions share a common interdsie '‘economy' of the
learning situation in the sense described earlier, recognihiat technological tools shape
mathematical activity and trying to predict as much as pessitd ways they do so. The
notion ofscenario of usshould encompass both the design dimension in the narrow sense of
software development and implementation in teaching/learning.

Sensitivity to contexts of learning brings together the anthropaf ‘teacher’ and
‘collaboration dimensions. These dimensions recognize the complexity of human thinking
and learning, emphasizing the social aspects of these astmitiere technology is seen as
providing cultural artifacts supplementing language and written ssjore While the
anthropological dimension considers institutions and the transposition aifcpsabetween
these, the teacher dimension takes into account the process dfionedideaching/learning
practices and its necessary adaptation to new artifacts. Thsoftgtare and networks, digital
technologies can afford a means to develop collaboration in sodmtiest creating new
contexts and dramatically changing existing ones.



Dimensions Common centre of interest

Epistemological & semiotic

Cognitive Influence of digital representations on conceptualisajions

Instrumental

Situations _ _ o
Influence of tools on teaching/learning situations

Design

Anthropological

Teacher Sensitivity of technology use to contexts of learning

Collaboration

Table 4.1:Grouping Dimensions

Comparing and contrasting the approaches in Casyeaéd WebLabs

As indicated in the introduction to this section, approaches to technosegin the research
contexts where Casyopée and WebLabs were developed seent, sigffitsrather distinct.
Reflection on the use of computer symbolic computation, which is thextarft Casyopée,
comes from experiments of the introduction of technology into educhsettangs that can
tolerate from some adaptation, but are not supposed to change fundamientalhtrast, the
central orientation of WebLabs was a design experiment to test out conditionsre or less
radical change.

In this concluding section we will see how a comparison betweeitwto projects helps to
draw common trends linked to technology use in mathematics teaehmmjilg and more
generally to mathematics education. The above centres aéshiter groups of dimensions,
will help to organize the comparison.

The influence of digital representations on conceptualisations

In both projects, the influence of digital representations on camaegztions is seen from an
epistemological point of view. Both projects share a common concestufdents' access to
formal thinking and to formal objects, and recognise that formakseptations should be
learnt as part of a culture of empowerment. They also share maomotivation: to use
technology to provide students with representational infrastructutesdgahem make sense
of mathematical ideas and over time to take responsibility Heir tactivity using these
infrastructures.

Starting from this common assumption and motivation, Casyopée’s antda¥&lposition
towards standard mathematical notation differ. Casyopée kedpis tmtation as one which
proved powerful for mathematicians for centuries. It postulategablanology in the form of
symbolic calculation offers a means for more fruitful probkstving with the more or less
standard algebraic notation and thus could contribute to make this notetrenaccessible
and learnable.



WebLabs, on the other hand, chooses to explore the extent to whiclo&dmeeapparent

complexity and difficulties of mathematical and scientificasles due to symbols and
language that were the only ones available in the pre-commeeihus, technology is seen
as a means to broaden mathematical knowledge, either by openexs 4o problems for

Casyopée and by new linkages with mathematical content for WebLabs.

Both authors are concerned with proof. Casyopée focuses on formal pinoipgily for
epistemological reasons: formal proof is what gives sensaresftirmational activity. In the
WebLabs example, proof is grounded on, first an emphasis on makingtetkg processes
of reasoning, and second on students deriving situated abstractiozisthain on explicit
(algebraic) formal reasoning. The motivation for proving is ingbeial relationship when
students want to compare different models. In WebLabs, the technoéhgy to create
situations where students feel the need for a proof and find infappabaches to it. Proof in
WebLabs is a way to convince each other of the validity of a propln Casyopée,
technology is an aid, principally when students have to writeoaf:;phere proof is more a
written text conforming to institutional standards. As the litematon proof abundantly
reports, these two aspects of proof are complementary.

The instrumental dimension is important in both examples, although ndopedenhere: the
difficulty of instrumenting standard Computer Algebra Systbasbeen a strong motivation
to design a new environment (Lagrange 2005b).

The influence of tools on teaching/learning situations

Both projects take design as a very central dimension. Sections 2 stmmived how the
design of an application has a deep impact on the way teachestudedts can use it and
what they learn from its use. The authors of this chapter condigeddsign of new
environments as a crucial dimension of their work as mathematicsa®@rs, by opening
windows on all elements of the teaching/learning process: sihadti cognitive and
didactical. A further common orientation is iterative design,iataftom initial reflection of
a research team and taking advantage of collaborating teacttepartners’ feedback during
subsequent phases of design. Designers of computer environmentsriorglesnould be
aware that, in many aspects, the impact of new software ssratan practices can never be
totally anticipated. This is particularly the case in environmgmasviding for new
representational infrastructure, because, as we remarked iomsgcsolving one problem of
representation often throws up new unexpected problEmese is evidence that trying small-
scale implementations and studying the effect on teachers and studectsesss/e iterations
is a way to take account of epistemological relevance and classroom cayaplexi

Casyopée and WeblLabs are mathematical educational applicatenedoped on an
underlying "general purpose" platform. In Casyopée, this platformman@omputer symbolic
kernel and in WebLabs a programming language. In both projeatst gakk was to “tune”
the platform to provide learners with just the right functionalitre$VebLabs the platform is
seen as a first level of a layerddsign, with layers that structure not only the tool but also
student engagement with the system and finally the knowledge thé&hbg develops.
Casyopée, in fact, might also be analysed as a layered tamlulld help students to situate
the idea of symbolic computation, of general forms of expressiodsofisymbolic rules

12 |terative design in Weblabs is explained in sec8mbove. For Casyopée, see Lagrange (2005b p. 173



inside strategies of exploration and proof. Tuning the laysieganising them consistently
with the knowledge at stake are important principles.

Transparency is another important principal of design. In the Weht@lpsct, this implies
“that it is easy to look not only at what the modi#ssbut how theywork'. In Casyopée , the
most important design principle, consistent with Yerushalmy’s afe@ols supporting the
curriculum, is that teachers and students should easily recammess manipulated in the
environment by referring to standard mathematical objects. Thusp@asynd WebLabs do
not privilege transparency in the same sense. In Casyopée transparertsrinal’: it is in the
relationship that users perceive between the functioning the enwrrend the ordinary
mathematics. By contrast, WebLabs' transparency is 'integfi@iting to the representation
itself rather than to standard mathematical representation¥Vé&lolcabs, curriculum support
is linked to the appropriate design of activity sequences usingetivetools to achieve the
learning aims. Both understandings of transparency seem impwetantdealing with formal
representations, although it is not so clear how they can be reconciled.

Contexts of use

Regarding the contexts of use, the legitimacy of technologyeinmathematics classroom is
an important issue for Casyopée. Many authors stress the ideaeoieental approaches for
pedagogical reasons loosely referring to mathematiciandiqgasicThe idea underlying the
development of Casyopée is that, to develop viable implementationssofdda, it is
necessary to discuss how mathematical practices can rispdsed to students. The link
between experimentation and conceptualisation appears criticahdlegy can help to make
this link if it promotes methods and tools for conjecturing and proving.

WebLabs focuses on collaboration between students: distance nsaskan opportunity to
allow students to share their models of evolving knowledge, discuss,ecaadgnanipulate
them. Computer programs are seen as formal objects, by which stugenationalise their
ideas and edit each others', instantiating the state of theentlmowledge and at the same
time beginning to appreciate the need for a shared formaldgagiWWhile WebLabs does not
consider the idea of transposition from professional to classraatimematics, and Casyopée
does not involve collaboration, it is interesting to note that disteolkaboration is now a
growing dimension of mathematicians' work and thus this might gornmteresting basis for
reconciliation. The idea of alternative systems of representatiald also be considered
from the perspective of the intermediate systems mathenmaticise when investigating a
new problem (especially with computers) before having recourse to therstaottion.

Finally, we should consider the relationship between theoreticaleWvarks and the
dimensions. Research on the use of technology in mathematics edueafloits many
frameworks to help to interpret many aspects of a compldityréghis does make it difficult
for researchers to communicate their goals and findings cumujatiVeé relationship of
dimensions to theoretical frameworks is, therefore, not uniform. Ineghgtemological,
semiotic and cognitive dimensions, a researcher can choose amegvinks that reflect
the research emphasis on these dimensions, while in others the choice is limited.

This chapter presents, through a comparison of two projects, the cobladeotential in
seeking out convergences among existing frameworks using siingatlimensions as a tool.
It also points to both practical and theoretical research arounddimeasions that are, until
now, under-researched.
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