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Abstract

This work is part of a wide-ranging long-term picij@imed at fostering students’ acquisition of sgirdense through
teaching experiments on proof in elementary nuntheory (ENT). Our aim is to analyze the use andrtie of

algebraic language in the development of such prof this paper we present the analysis and &lzessdn of

students’ behaviour in facing the proof of a cohjee while working in small groups. The analysis stfidents’

protocols was made by reference to the followirtgripretative-keys: the application of specific cepitial frames, the
games of interpretation between different framesicgatory thoughts, the use of conversions amdttnents and
coordination between different registers of repnéstion. Our analysis highlights the incidence mticipatory thoughts
and of the flexibility in the coordination betwedtifferent frames and different registers of repnéation in

development of proof in ENT.

1. Introduction

Many research studies support an approach to agelanguage related to the development of
reasoning. Arcavi (1994, 2005) claims that, in &ddito stimulating students’ abilities in the
manipulation of algebraic expressions, teachersildnmake them see the value of algebra as an
instrument for understanding, expressing and concating generalizations, the establishment of
connections, or the production of argumentation prabf. Bell (1996) describes “the essential
algebraic cycle” as an alternation of three maipotggies of algebraic activity: representing,
manipulating and interpreting. He states, in paléic that it is necessary to favour the use of
algebraic language as a tool for representing ioglstips, and to explore aspects of these
relationships by developing those manipulative s that could help in the transformation of
symbolic expressions into different forms. Simidoservations are also found in Wheeler (1996),
who asserts the importance of ensuring that stedantuire the fundamental awareness that
algebraic tools “open the way” to the discovery &uametimes) creation of new objects. We adopt
Wheeler’s idea that activities of proof construsticould constitute “a counterbalance to all the
automating and routinizing that tends to dominhedcene”We believe that activities of proof in
ENT would not only provide students with the oppaities they need to progress gradually from
argumentation to proof, but would also help themappreciate the value of algebraic language as a
tool for the representation and solving of situagidhat are difficult to manage through natural
language only (Malara 2002, Selden & Selden 2002)rder to foster the diffusion of activities of
proof in ENT in school mathematics, we are workigh with pre and in-service teachers (Cusi &
Malara 2007) and with students. The activities weug on in this paper refer to students and are
part of a long-term experimentation realized in sontasses (10 grade) of a Liceo Psico-
Pedagogico.

1.1 Methodology of work with students

Aiming at making student acquire an effective syhdmmse, we planned and experimented a path
for the introduction of proofs in ENT through difémt gradual phases of work. The path can be
subdivided in 6 main phases, characterized bydhewing activities: (1) Translations from verbal
to algebraic language and vice-versa; (2) Studthefrelationship between properties of a given
formula and properties of the variables it contaf® Analysis of the truthfulness/falseness of
statements concerning natural numbers and justditaf the given answers; (4) Exploration of
numerical situations, formulation of conjecturesl aalated proofs; (5) Construction of proofs of
given theorems. The path (about 20 hours) wasudatied through small-groups activities (8 groups
were audio-recorded), followed by collective disiaas (audio-recorded) on the results of the
small-group activities. In this work we will dwetin a central moment in the path: the small-



groups’ work aimed at constructing the proof of sononjectures they produced starting from
numerical explorations. In particular, we will pees the main results of our analysis of group
discussions when students were trying to proveodtige conjectures.

2. Theoretical framework which support our analysisof students’ discussions

We identified a set of theoretical references thed both appropriate to the analysis of the
transcripts of group discussions dealing with psp@aind in tune with the view of algebra that we
are promoting. The main reference in our resea¢hea work by Arzarellet Al. (1994, 2001). The
authors propose a model for teaching algebragesree of interpretatiomnd highlight the need for
the promotion of algebra as an efficielobl for thinking An awareness of the power of the
algebraic language can be developed only oncettiderst has mastered the handling of some key-
aspects that arise in the development of algelbeaisoning. In particular, the authors highlight the
use ofconceptual frameslefined as an “organized set of notions, whichgssts how to reason,
manipulate formulas, anticipate results while cgpiwith a problem”, ang¢hanges from a frame to
anotherand from a knowledge domain to another as fund&heteps in the activation of the
interpretative processes. According to the authargpod command in symbolic manipulation is
related to the quality and the quantity of antitipgthoughts which the subject is able to carry ou
in relation to the effects produced by a certaintagtic transformation on the initial form of the
expression. Boero (2001) also argues thaticipation is a key-element in producing thought
through processes of transformation. Boero defamggipating as “imagining the consequences of
some choices operated on algebraic expression®raod/ the variables, and/or through the
formalization process”. In order to operate anceffit transformation, the subject needs to be able
to foresee some aspects of the final shape of ltfexioto be transformed in relation to the target.
Arzarello et Al. stress that the ability to produce anticipationgctyy depends on changes in the
frame considered in order to interpret the shapgbetxpression.

Another theoretical reference that we take as fomesdal for analysing students’ management of
meaning in algebra is the conceptepresentationmegisterproposed by Duval (2006). The author
defines representation registers those semiotidesys “that permit a transformation of
representations”. Among them, he includes bothrabind algebraic language. Duval asserts that a
critical aspect in the development of learning iatihhematics is the ability to change from one
representation register to another because suchaage both allows for the modification of
transformations that can be applied to the objeepsesentation, and makes other properties of the
object more explicit. According to the author, reamprehension in mathematics occurs only
through the coordination of at least two differegpiresentation registers. He analyzes the functions
performed by different possible typologies of tfansations. He distinguishes betwetegatments
(“transformations of representations that happethiwithe same register”) andonversions
(“transformations of representation that consistltdnging a register without changing the objects
being denoted”), highlighting both the fundamentale of each of these typologies of
transformations and the intertwining between them.

3. Research hypothesis and purposes

Our hypothesis is that the production of good pgapfENT depends upon the management of three
main components: (a) the appropriate applicatiorirafnes and coordination between different
frames; (b) the application of appropriate antitimathoughts; and (c) the coordination between
algebraic and verbal registers (on both translaticand interpretative levels). Our aim is to
investigate the following aspects: (1) Effectiveme$the theoretical references we selected as tool
for analyzing and classifying students discussibaua proofs in elementary number theory; (2)
Identification of the essential components for ggodductions in this context; and (3) The role
played, by the three components we singled outliGiimn and coordination between frames,
anticipating thoughts, coordination between verlbald algebraic register) and the mutual



relationships between them. In this work we wikkggnt a sample of prototype-productions helpful
to verify our hypothesis and to highlight that taek or unsuccessfully application of one of these
components leads to failure and/or blocks of varitypes.

4. Research Methodology

Theoretical models we used helped us to identifpesinterpretative keys for both the analysis of
protocols and their subsequent classification. @uoalysis focused on the following: (1) The
conceptual frames chosen to interpret and transfalgebraic expressions and the coordination
between the different frames appropriate to thommes expressions; (2) The application of
anticipating thoughts; and (3) The conversionstasaments applied and the coordination between
verbal and algebraic registers.

4.1 Analysis of small-groups activities

The study of small-groups work is proposed by nedeas with different aims: some of them are
interested in the effects of these kind of acwgtias instruments to promote learning (Barnes,
2005), other researchers focus on the dynamicshwbinaracterize the students’ mathematical
discourses while they are working in groups (Ryv@&), others aim at highlighting how
individuals re-construct mathematical concepts ugho small-groups interaction (Vidakovic &
Martin, 2004). Our choice of making students wanksimall groups is, instead, motivated by a
different reason. Our conviction is that only whatndents are involved in a communication it is
really possible for us to produce an in-depth amalpf the coordination between verbal and
algebraic register in the construction of proofsEiNT. We believe that the analysis of the sole
written protocols is not enough to highlight studémbilities in carrying out correct conversions
from verbal to algebraic language and their acto#drpretations of the constructed algebraic
expressions. The need to communicate their reagaaiothers forces students not only to verbally
make what they are writing explicit, but also t@kn both the objectives of the transformations
they carry out and their interpretation of results.

5. The problem and itsa priori analysis

The problem we posed to students is the followigrite down a two digit number. Write down
the number that you get when you invert the digh'site down the difference between the two
numbers (the greater minus the lesser). Repeatptiosedure with other two digit numbers. What
kind of regularity can you observe? Try to proveatyou state”

The regularity to be observed is that the diffeeshetween the two numbers is always a multiple
of 9 where the multiple is the difference betweea digits of the first number. The proof requires
the polynomial representation of each number: stnnember of two digiten andn can be written

as 10m+n wherem>n, the difference can be representedl@m+n-(10n+m) Through simple
syntactical transformations it is possible to ttime initial expression into a form that makes the
required property explicit Om+n-(10n+m)=9m-9n=9(m-n)

The initial conceptual frames to which the statenwdrthe problem refers are ‘difference between
numbers’ and ‘two digits numbers’. It can be assdimimerefore, that the student will not
automatically choose the ‘polynomial notation’ franto represent the problem and apply the
necessary simple treatments to make the conjechrmerty explicit (some students might apply
the ‘positional representation of a number framel ahen get stuck). The reference to the
‘divisibility’ frame, which allows them to foresethe desired final shape of the expression after
correct treatments (i.QK& wherek is a natural number), is, instead, less problemdossible
blocks in the treatments to perform on the ingiationstructed polynomial expression can be
ascribed to interpretative difficulties, which astrictly related to students' inability to corrgctl
anticipate the final shape of the considered esmras (it is necessary to recognize the
transformation that leads to an expression that loaneasily interpreted in the final frame
‘divisibility’). Finally, we make some observatioadout possible student behaviour. Many students



could end their numerical explorations after havatngerved that the difference between the

two

numbers is always a multiple of 9, without recogrgzthe relationship that exists between the two

digits of the first number and the difference betwe¢he two numbers. Consequently, the anal

ysis

of the final expression could provide another inddxa students' interpretative abilities, in that

access to the new meanings it embodies depend®sa abilities.

6. The analysis of a prototype-production

In the analysis of small group work, we singled thé incidence and the interrelation between
following: (a) the application of and coordinatidretween frames, (b) ability in the game
interpretation required to produce the proof, (igpthy of appropriate anticipating thoughts,

the
of

(d)

ability to correctly perform treatments and conwars, and (e) ability to coordinate verbal and
algebraic registers. In this paragraph we will présour analysis of a problematic protocol. We

chose it because it better highlights how studemi®raction allows to identify the reasons

of

erroneous conversions and the difficulties in theerpretation of expressions. The following
transcript documents the application of a suitéifslme, associated to an inadequate conversion and

to the incorrect interpretation of the producedregpions.

The Protocol
After having considered many numerical examplagjestts A, C and N conclude that the considé
difference is always a multiple of 9. The followiiglog represents the proving phase.
C (27) : Let us do with letters.
N (28) : It is more complicated.
C (29) : It will bel0x... plus ...
A (30) : ...plusy (they write 10x+y)
C (31) : If we invert the digits, it will bg+10x
N (32) : Yes.
A (33) : and now ... we have to do the difference
C (34) : ghe writes and reagld Ox+y
A (35) : Let us put it in brackets
C (36) : minus ...}(+10x)
C (37) : it become$0x+y-y-10x
N (38) : I think there is a mistake because thaltés zero ...
A (39) : It becomeOx+10x?
N (40) : No, they cancel each other out.
C (41) : Meanwhile, let us writeskie dictatesthey are all multiple of 9 . It is not simple ...
N (42) : We are not able to prove it. It is diffitu
C (43) : We have 10x+y and it represents the numbd&hen we have to ...
A (44) :(she reads)when you invert the digits’ ...
C (45) : ltis the same of having 1 and ...
C (46) : ltis as if we take it on this side,ysshould be take on the other side.
C (47) : however, if we take 10 on this side, iit be left a ...
A-N-C (48) : one!
C (49) : Soitis not 10x. | think itis x ...
A (50) : Let us try!
C (51) : So it would becom&0x+y-(y+x). The twoy cancel each other out, so they will be [Efix-x
Exactly9x! We were able to prove it!
C (52) : C. is looking to the numerical exampl&ut here | can see something more, | think. | sa@ that
practically, this is ... Look what | noticedHe is looking at the differences 86-68, 92-2967652-23 ...

red

if you subtract the two tens, 8-6, you have onlyctmsider the product between 9 and the differe

rnce

! The difficulties we hypothesised in the identifioa of the initial frame are not highlighted byistprotocol because

students have faced the problem of the representafitwo and three-digit numbers in a previousvigt



between the two tens: 9 times 2 is 18; 7-6 istimBs 1 is 9; 5-2 is 3, 9 times 3 is 27.
A (53) : We have to write it down. | would have eewoticed it!

C (54) : 6he dictateglt is always a multiple of 9 and we can obseta the result of the subtraction |..
you have to subtract the two tens and to multipé/result by 9.

C (55) : Do you know how I though of it? BecausaWw 9x and | said “it is a multiple” because thieré
times x. Then | said “but .what is x? x is the tens!”. Then | tried to do xos x.

A+N (56): Good!

This protocol can be subdivide in three key-momefits Initial conversion and first treatments
(lines 27-37); (2)identification of a problem, modification of thens@rsion and new treatments
(lines 38-51); (3)Attempt of interpretation of the obtained expressand refinement of the
conjecture(lines 52-56). The protocol highlights, first df, ahe central problem in groups’ works
on this proof, that is the difficulties studentstrirerepresenting the number obtained inverting the
two digits. Success in this conversion requirelmtgyood coordination between the ‘positional
notation’ and ‘polynomial notation’ frames and amete internalization of the last. Initially C.
carries out dirst erroneous conversiofline 31), translating this concept through th@ression
y+10x (she only changes the order of the addends). Tudeists correctly interpret the natural
language term “invert” when they work on numerieghmples in order to formulate the conjecture.
Afterwards, however, when they have to carry oabmaversion into algebraic register, the concept
“exchanging the place” is translated through theexchange of the order of the monomials which
constitute the polynomialOx+y. The difference (zero) they obtain starting fronis terroneous
conversion lead them to detect the inaccuracy eir timitial conversion and to look for a new
correct one. They detect a mistake in having sugbtisatlOx should represent the units digit (only
because it is on the right side of the polynonytel0x). So they decide to correct this mistake,
substitutingx instead ofl0x, but they do not consequently modify the represént ofy as tens-
digit. Therefore, writing the polynomial astx, they carry out again an incorrect conversion.
Probably because of the prevailing of the antiagathought they carry out (expecting a multiple
of 9, they only concentrate on the factor 9 whaytlook at the expressi®x), once they obtaifx

as the difference between the two numbers, thepaldmmediately subject the new result to a
careful interpretation. Only afterwards C. intetpxeas the tens-digit of the initial number and
decide to investigate the considered examplesdardo refine their conjecture. C. concentrates on
the tens-digits of the two numbersandy in the correct representation) and observesjrajairom
examples, that the result is obtained multiplyindpy@the difference between those digits. This
observation, however, does not help her in critcalterpreting the expressio@x. In her final
intervention, she even tries to translate into lalge language, through the expressior the
difference between the two tens, but she is not abl‘grasp’ the gap between the algebraic
representation she proposes and her verbal coasmles.

7. Conclusions

The protocol we proposed highlights the strict elation between lack of flexibility in coordinating
different frames, difficulties in carrying out caengions from verbal to algebraic register and lack
of interpretative games in the analysis of the eggions produced. Moreover, it testifies how such
correlation causes failures in the production afgbs in ENT. In fact, the three students display
rigidity in their use of frames and an incapabilifysimultaneously manage different frames. Such
rigidity make them produce partial or incompleteerpretations of the constructed expressions, so
they are not alerted about the non-acceptabilitghefr proof. Because of space limitations, we
cannot dwell on the analysis of other protocolst we would like to share some of the main
conclusions we took. The rigidities highlighted time analyzed protocol are shared by other
protocols, to which different problems could be :afa) blocks in the treatments and in the
interpretative processes due to an inability te$ee the expression to be attained by the activatio



of the correct final frame; (b) difficulties in thahoice of the treatments to be operated caused by

the absence of anticipatory thoughts; and (c) rekation between ‘blind’ manipulations (i.e.

produced without a conjecture, therefore withoutadnjective) and blocks in the interpretative

processes. Through our analysis we were able tbligihg four main categories of prototype-
productions: (C1) Partial reference to algebraimgleage and presence of blocks; (C2) Application
of a suitable frame, but inadequate conversion smwdrrect interpretation of the produced
expressions; (C3) Appropriate application of fraared conversion, not supported by semantic
control and anticipating thoughts; (C4) Good cooatibn between frames and good interpretation
of the expressions in the applied frames. The amabnd the classification we made also allow us
to verify the effectiveness of the theoretical etets we selected as tools for analyzing small-
groups’ discussions for the construction of promfsENT. The protocols we classified in C4
represent an evidence of the fact that an apptepaaplication and combination of the three
components we highlighted is a necessary conditipthe proper development of a proof in ENT.

That is: appropriate application of frames and appate coordination between them; appropriate

anticipating thoughts; appropriate coordinationnsen algebraic and verbal registers.
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